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“The Green’s function method is one of the most powerful and versatile formalisms in physics”




"I can see how one can be overwhelmed by a number of different Green-functions, rules to follow and
by the length of the calculations."
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System ("'Cartoon''): Observable(s):

e Any arbitrary Crystal: o Electronic Density of States / Band-Structure:

(@) = =L I lim G0 + i)
X =0 gk

o Magnetization®:

(M) & * keQ G:,,(O)) - G:"(O))
ne(1.2,...) kk kk
we€(-cot0) 11 L4

o Electronic / Phononic / Total Heat Capacity:

Cy y(T) = 0;(H)y ; = "sum of Green-functions"®

N
0

o Electronic Conductivity Tensor:

o(w) = "Green-function with current operators"

e Thermal Conductivity Tensor:
x = "Green-function with energy-current operators”
e Superconductor’: e Order Parameter® (in Eliashberg-Theory):

Ak) <G (k)

Gorkov

e An arbitrary observable A of a System sub- e Kubo-Formula:
jected to a ,,weak** Perturbation H':

111 V)=H"-ek)
H

LI

(A)(1) = (A)(r = —oo)+[ dr' G (1. ) +O(H' Y
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Canonical

Y

Quantization Quantization

- Density Matrices
von Neumann Equation
- Fundamental Postulate of Statistical Physics

Massless Massive
| Particles Particles
Microcanonical Ensemble
. Photons | |Ph0n0n8| |Fermions| | Bosons |

| Canonical Ensemble |

! | |

- Fock-Space with Occupation-Number Basis

A - Operators as Polynomial Expressions of Creation- and
| Grand Canonical Ensemblel Annhilation-Operators
—>| Combine i~
l Difficult s
lFinite Temperature Expectation-Values l— — — — — — »Observable Quantities for Systems
close to Thermodynamic Equilibrium

Diagram-Techniques, Easy
Lehmann-Identities

Green-Functions with Lifsaai Re-expressing arbitrary, Finite
- (imaginary) time domain T —>| Temperature Expectation-Values
Combinations

- (Matsubara-) frequencies domain through Green-Functions




Definition 7.26 We introduce the statistical occupation-numbers as set

{0,1} for{ = -1,
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Definition 7.26 We introduce the statistical occupation-numbers as set

N

¢

for{ = -1,

_Jto
T 11{0,1,2, ...,00} for¢ =+1.

Notation 8.1 When we speak about "Green-functions” (to be introduced later), we consider one of the following
Hilbert-spaces:

() #
@ H
(3) A
@ A
(5) A

Hoeg = SPang {

d
=1
dy
Hyy = Spang H
j=1

= ‘){IIIDU ® A)2fﬂ=0

— '){;np() ® '—%-/}:.Fu ®

Koo ® Koy ® .

A,

1
v

|
v

‘my=0

A,

“my=0

+\"%
(cj) | vac.) = |n;,n,

1 s
(cj) |vac.) = |n.n,

sisngY I Ny My ... Ny € N;} (massless particles),
sone Mg ) I"|~"3~ ey € N{} (massive particles),
(massive-massless-mixtures),

(massive-massless-massless-mixtures),

(massive-massive-massless-mixtures),



Definition 7.26 We introduce the statistical occupation-numbers as set
R {0, 1} for{ = -1,
J {0,1,2, ...,00} for¢ =+l.

Notation 8.1 When we speak about "Green-functions” (to be introduced later), we consider one of the following
Hilbert-spaces:

Ny # =74_, =spanc{

1
v
|

d
=1
dy
J=1

2) & =,, =span {

(3) H =, ®Hu (massive-massless-mixtures),
@) A =H .00 Hy @Ay (massive-massless-massless-mixtures),
5 H = .)?‘,’"I)O ® H#, .0 ® ;o (massive-massive-massless-mixtures),

Definition 8.3 We introduce the so-called ensemble Hamiltonian = as

H for n = 0 (massless particles),
H - uN for n = 1 (massive particles),

(1
I

H,.o—UN, .o+ H,_,+V, for massive-massless-mixtures,

n
t\ .
(cj) | vac.) = |ny, ny, ... ,ny) I Ny My, .o Ny € N;} (massless particles),

1
"l - -
' (c}) |vac.) = |ny.ny, ... ny ) I"|~"2~ sy, € N{} (massive particles),
\Vn
;1

(8.2)



12.2. Pure One-Body Green-Functions without Periodicity

Definition 12.5 We consider X = ¢, and X' = ‘u for multi-indices A = (a,1) € & X R, with
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Definition 12.5 We consider X =¢_ and X' = cu for multi-indices A = (., 1) € & X R, with
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12.2. Pure One-Body Green-Functions without Periodicity

Definition 12.5 We consider X =¢_ and X' = cu for multi-indices A = (a,1) € & X R, with
1 1 -
Icu,ca,]: = Oy ot S(c,) =S(c,) =¢.
Then we write for the real-time-one-body-Green-function®, the lesser, greater, anti-time-ordered, retarded and

advanced Green’s-functions in their various shapes as expectation-value

*G(A,A)=G"" (A, A) =G"(A, A) = -é (T, e,k (),

. G* (A A)=G*(A A) = —-;;C (c;,(t')ca(t» :
. G (A A) =G (A A) = -% (e (el (1),
- N — T, TN L= N RIS
. G (A, A) = G (A,A) = _ﬁ (T,La(l)ta,(f )) <
: G™(A, A") = =0 = ) ([, 0. L] ).
. (A, A") = +00' 1) <[c,,(t). cZ,(!')L,).

with time-ordering-operator and ensemble-Heisenberg-time-evolution as usual.



Green's Chart

Fourier

ga,u’ (iw,,) <

G

A A 4
Analytic- Wick-
Continuation Rotation
- Leh T Fourier Y
et z ehmann- - [ AT

Go(w +i€) Identity »G e, W) »Goo(t)
Y Fourier
- G;,a’(w) % G;,a’(t)
Fluctuation-|
»Dissipation- Definition
Theorem - Fourier
Gg,a’ (w) > GZ,Q' (t)
" Q
Ceh T Fouri 3
| Lehmann- | AT ourier T
Identity 2 Gaf(,f(w) »G (1)
Fourier NP (t)
a,a’
N Fourier
G*Y (w — ie > Ga‘fY,(t)

holds for

- non-interacting systems

AND for

- interacting systems!



Lemma 14.13 For a given chemical potential x4, we can compute the average number of particles as

(N) = _—llim$ n(E) Im G™'(E + ie)
T e—=0 a€ e

E € (=co,400)



Lemma 14.13 For a given chemical potential x4, we can compute the average number of particles as

(N) = =1 lim$ ny(E) Im G(E + ie)

T e—=0 a€ o

E € (=co,400)

Proof 26.45 of Lemma 14.13

We re-express the average particle number as lesser Green-functions and then use the fluctuation-dissipation-
theorem

(NY= D (cle,)

aE S

=2y 6 (=0

i 5

a€ o

] G (26.77)

__C% Qo a.a( )
E € (~00,4+00)

_ __1 . ¢ ret .
= !,T)# s nﬂ(E) Im GM(E +15)

E € (~00,4)



2 | 5 : Electron Spin Resonance



Physical Review B

Highlights Recent Accepted Collections Authors Referees Editorial Policies Press About Editorial Team

Temperature and magnetic field dependent g-factors in ﬂ
electron spin resonance spectroscopy Share

Sebastian Kalhéfer *

Show more v

Phys. Rev. B 112, 125104 - Published 2 September, 2025 Export Citation

DOL https://doi.org/10.1103/bjfk-wif2



Electron-Spin-Resonance:

Notation 1.1 Consider a single particle' with charge g, subject to the Hamiltonian?

—q. h le| n

_qe
Hy=-u-B=-y,S-B=g, S-B=g, —6-B=g——-0-B
§ = ‘e Eeom, Eeom 2 7 T Eom 2°
with single-particle Hilbert-space H = C>.
mg=+1/2
>~
oy
3 AE=E,-E_ip
8
me=—1/2

By=0 By#0  Magnetic field



Journal of Magnetism and Magnetic Materials 391 (2015) 101-107

Contents lists available at ScienceDirect

Journal of Magnetism and Magnetic Materials

¥

ELSEVIER journal homepage: www.elsevier.com/locate/jmmm

M=
M
M

Temperature dependent electron paramagnetic resonance (EPR) of
SrZrO3

Santosh K. Gupta®*, Nimai Pathak?, P.S. Ghosh ", B. Rajeshwari*”, V. Natarajan ",
R.M. Kadam*
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Solid State Sciences 11 (2009) 875-880

Contents lists available at ScienceDirect

Solid State Sciences

journal homepage: www.elsevier.com/locate/ssscie

Temperature dependence of electron spin resonance in CaCusTizO12
substituted with transition metal elements
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Fig. 6. Temperature dependence of g.q of the samples of Fig. 3.



Eur. Phys. J. B 47, 207-211 (2005)
DOI: 10.1140/epjb/e2005-00316-y THE EUROPEAN

PHYSICAL JOURNAL B

Temperature dependence of phase separation and magnetic
anisotropy by electron spin resonance in PrggCag.4MnggRug 103

C. Autret-Lambert!:®, M. Gervais!, M. Zaghrioui!, S. Roger!, F. Gervais!, N. Raimboux?, and P. Simon?
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Fig. 5. Temperature dependence of the lineshape parameters
for Pro.6Caop.4MnOs and Prgp.¢Cag.aMng oRuo.103, geg-factor
(left y-axis), linewidth (right y-axis).
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UPPSALA
UNIVERSITET

Ph.D. position in Quantum Matter Theory

Project description: We are looking for a highly motivated and ambitious Ph.D. student in quantum
condensed matter theory for a studies of magnetism and collective phenomena. _

studies concern effects of ionic vibrations on, for instance, magnetic ordering, but aiso other ordered
structures, for example, superconductivity, are of interest. The studies will be conducted through both

analytical and numerical methods, where the student will be given large freedom to define suitable
methods.
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[Currently still a “draft”]

First-Principles Finite-Temperature Heat Capacities of Interacting Electron-Phonon
Systems from a Functional Integral Approach

Sebastian Kalhofer® and Oscar Granas
Department of Physics and Astronomy, Uppsala University, Box 516, 75120 Uppsala, Sweden



Definition 9.31 We define the heat capacity of a system in the canonical ensemble as derivative
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Definition 9.31 We define the heat capacity of a system in the canonical ensemble as derivative

as

G =T (5

) (T) (9.44)
V.N

Lemma 9.32 The following identities are immediate

« Cy N(T) =0, (H)y, n(T)
e« CyN(T)=-=T(0:F)(N.T.V) (9.45)

o Gy = ke ((H)y (T = (HY (1)) = kB2 ((H = CHD?) 1 20



-
\4
A

<N>V (u,T) I

py (N, T)
\ p >
i & <H>V (/J,T)




Definition 9.31 We define the heat capacity of a system in the canonical ensemble as derivative

as

Cyn@) =T (a_T

) (1) (9.44)
V.N

Lemma 9.32 The following identities are immediate

* Cy n(T) = 0p(H )y y(T)
«  Cyn(T)=-T(0:F)(N.T.V)

(9.45)
o CNT) =k’ (<H2>N_V(T) - <H>.i.y<T>) = kef* ((H — (H))*) , + 20
Corollary 9.38 Computing the specific heat capacity in the grand canonical ensemble one finds
vl r(H) 9.53)

= (0(H)) (T, V), T, V) + (9,(H)) (W(T, V), T.V)- (dpu) (N,V,T)

whereas the particle number N is kept constant.
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Quick Repetition:

- Crystal with ...
volume V
number of cells N_p
r atoms in the unit-cell
temperature T

a ==t
N

- Born-Oppenheimer-Approximation (...)

- Mean Field Approximation ( . ) (“reliable” for “many” observables & materials)



Notation 20.19 Within usual approximations, we describe the union of two non-interacting gases
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keQ qeQ
ce{ll) vel{l,...rd}

me(l,...,00)



Notation 20.19 Within usual approximations, we describe the union of two non-interacting gases

t t
H=Hy+Hy= Y CuChtmst Y, Q.bhb, (20.26)
keQ qeQ
ce(1.l) ve(l...rdy}
me(l,....00)

~f(H =uNy+H) ~P(Hy=uNy +Hy)
(A>ETr,Ae ' v ETr,,,Ae . ' H = Ao ® H
Tr,, e~ P(Ha—uNa+Hy,) Z




Notation 20.19 Within usual approximations, we describe the union of two non-interacting gases

5 1 B
H = Hcl 2 th B Z emkac,,,kgcmka + z Qq qup qv

keQ q€Q
ce{ll) vel{l...rd:}
me(l,....00)

Tr, A e~P(Hy-uNy+Hy)  Tp A e~ P(Ha=uNg+Hy)

Tr” e_p(H(I_”‘N'(I+’lph) - Z

(A) = H = Ay @ Hy

Fact 20.20 The expectation-value of the total internal energy can be computed as

(H)o= (Hg)o + (th)o
= Z emka F[}(emka - ”) 5o Z Qv(q) B/}(Q"(q))
keQ qeQ
ce(1.l} vell....rd)

(20.26)

(20.27)



Notation 21.1 We consider the interacting system that is described by the Hamiltonian from Definition 8.28 as

T T gmnv(k9 q) T
H= Y eulhtmet Xy hog bl by + Y 2Tl (bqv+b“_ qv> 21.1)

keQ qeQ kqeQ VNP

ce{nl} V€ {1iirdy} ce{1.l}
me{l,...,00} vell,...rdy}



Notation 21.1 We consider the interacting system that is described by the Hamiltonian from Definition 8.28 as

T gmnv(k’q)
H= Y ulhotmet 3 hogbiby+ Y 2L (bqv+biqv) 21.1)

keQ qeqQ kqeQ Nl)
ce{nl} ve(l,...rdy} ce{l}
me{l,...,00} vell,...rdy}

Theorem 18.3 The electronic self-energy of this system reads can be approximated

< 'k. nne' v’ k' B(Q‘( ))+F(h 11) B(Q»( ))+1—F(-: lll)
sz'k(i("") — 6k,k'5 Z gmm.( q)g v ( q) [ q [ €q+k1; + [ q Froq+kny

kK ' : > .
mm' qeQ Np lhwn = Sq+kny + Q;(q) 1hw" - §q+knp - Q»(q)
up’ ne(l.2....}

ve(l2,... rd.}



Notation 21.1 We consider the interacting system that is described by the Hamiltonian from Definition 8.28 as

T gmnv(k’q)
H= Y ulhotmet 3 hogbiby+ Y 2L (bqv+biqv) 21.1)

keQ qeqQ kqeQ Nl)
ce{nl} ve(l,...rdy} ce{l}
me{l,...,00} vell,...rdy}

Theorem 18.3 The electronic self-energy of this system reads can be approximated

(K D8, (. @) [Bo(R,(@) + FylGguin,)  By(Q,(@) + 1 = Fy(Equnn)
ZEQ‘:;k(i(l)") - 6klk'5“‘"' Z &y Qg q [ ‘ [ q- b €q+lu; + ﬂ. q S S qkny
: N lh(l)" - gq+kny .y Q\,(q) lha}n - éq-l-knp - Q»(‘])

m.m' qeQ P
up’ ne(l.2....}
ve(l2,... rd.}

{é’m.m’(i(‘)n‘ k) =— C : 1
aa’ h 1w, = (H().a(k) + Za(k’ 10)") - I'l) /h m.m'



Notation 21.1 We consider the interacting system that is described by the Hamiltonian from Definition 8.28 as

T T gmnv(k9 q) T
H= Y eulhtmet Xy hog bl by + Y 2Tl (bqv+b“_ qv> 21.1)

keQ qeQ kqeQ VNP

ce{nl} V€ {1iirdy} ce{1.l}
me{l,...,00} vell,...rdy}



Notation 21.1 We consider the interacting system that is described by the Hamiltonian from Definition 8.28 as

x + gmnv(k’q) ¥
H= Y enthlmet Y hogbibu+ Y 2 (bqv+b‘qu) 21.1)

keQ qeqQ kqeQ NP
ce{nl} V€ {1iirdy} ce{1.l}
me{l,...,00} vell,...rdy}

-1 .. .
(N> = Z ("mka) = ]_"n$ keQ F,;(E) Im G,:S,,(E + lb)
KEQ T o=0 ) ce(tl) a.0
ce{1.l) mefl,....c0) kk
me(l,....00) E €(~c0,+00)



Notation 21.1 We consider the interacting system that is described by the Hamiltonian from Definition 8.28 as

-‘« gmnv(k’q)
H= Y eulhplmat 3, hogbiby+ Y el (bqv+biqv) 21.1)

keQ qeqQ kqeQ Nl)
ce{nl} V€ {1iirdy} ce{1.l}
me{l,...,00} vell,...rdy}

Ny= Y <n,,,k(,>=‘7‘;;133$ veo  Fy(E)ImGEY(E +id)

ce (1.1} a0
G 2?](,)1) mell,..., o) k.k
me(l,...,00) E €(=00,400)

(HC|> = Z (‘,""ka(nmko,> = ‘—_]" ]im # kEQ é'mka Fﬂ(E) Im G,;CL,(E + i5. k)

T 6=0 ce(1.l) 0.0
62?1()1} ’"E[l.....m’
% E €(~00,40)

me{l,...,c0}



Notation 21.1 We consider the interacting system that is described by the Hamiltonian from Definition 8.28 as

Enny (K, Q)
H= Y euhtmet 3, hogblby+ Y Tl e, (bqv+b‘1 qv) 21.1)

keQ qeQ kgqeQ Np
ce{nl} ve{l,...rdy} ce{l}
me{l,...,00} vell,...rdy}
mne{l,...,0}

(Ny=" Y (nmka)z_—llim$ keo  Fy(E)ImG,(E +16)

=0T se(tl)
n'le‘?I(,)L) mell,...,00) k.k
me(l,....00) E €(~co,+00)

<HC1) =~ 2 emka’<nmk6> = ——] lim# kEQ é‘mka Fﬂ(E) Im G':"U:"(E + i6, k)

=0 ) seqtl) o,
HZTT(‘JH me(l.....00}
mell,...,c0} E €(~co,+00)

Problem (e.g. for the Phononic Contribution):
- the self-energy is no longer diagonal in k
- the displacement Green-function D (with polarization Pi) can in the interacting
case no longer be related to the particle number



Fact 21.4 Going over to the field-integral-description of the problem gives the action

Slz. 71 = Saly. W + Syl ] + S ppinl 2. 7)



Fact 21.4 Going over to the field-integral-description of the problem gives the action

Slz. 71 = Saly. W + Syl ] + S ppinl 2. 7)

with
- - €,,(K) =
o Syly.yl= keQ  ¥,.(1.K) d,+T- V(7. K)
oeil.t]
r€(0.hf)

me{ll2. o0}



Fact 21.4 Going over to the field-integral-description of the problem gives the action

Slz. 71 = Saly. W + Syl ] + S ppinl 2. 7)

with
- - €,,(K) =
o Syly.yl= keQ  ¥,.(1.K) d,+T- V(7. K)
oeil.t]
r€(0.hf)

me{ll2. o0}

o Su0é. ] =j: B L LT DA
r€(0.hfF)
ve{l2.. rdy)



Fact 21.4 Going over to the field-integral-description of the problem gives the action

S(2.7) = Sulw. ¥ + Spuld. ) + S pninl 2. 7)

with
= - €,0(K) —
o Syly.yl= keQ ¥, (1.K) 6,+T- V(7. K)
oeil.t]
r€(0.hf)

me{ll2. o0}

L Sph[¢‘ —5] T # QEQ av(r’ q) (a( + mu(q)) ¢w(r’ q)
r€(0.hfF)
ve{l2...rdy)

- Eun (K. Q)
® Sophimlts 7] =$ kqeQ

r €(0.Nf) h\/Np

vell.2...rd.}
mne (12, 00}

(.00 + 8,7 ~0) ) W vk + @ (7. K)



Fact 21.4 Going over to the field-integral-description of the problem gives the action

Slz. 71 = Saly. W + Syl ] + S ppinl 2. 7)

with
- - €ng(K) —
. Sc[["l’ W] e keQ ng(r’ k) af + T‘ Wmn‘(ri k)
aell.f]
r€(0.hf)

me{ll2. o0}

o Salh ] =j: B L LT DA
r€(0.hfF)
ve{l2.. rdy)

- Eun (K. Q)
® Sophimlts 7] =$ kqeQ

r €(0.Nf) h,/Np

vell.2...rd.}
mne (12, . 00}

(.00 + 8,7 ~0) ) W vk + @ (7. K)

Notation 21.5 We implement external sources into the partition-function as

2 Zlja T Tl = | 9G0) 0x0 [ = (SulwT1+ Spld P+ Supnlr 7)) + T, T+ 7o)
«& {clph}

(21.6)



Fact 21.4 Going over to the field-integral-description of the problem gives the action

Slz. 71 = Saly. W + Syl ] + S ppinl 2. 7)

with
- - €ng(K) —
. Sc[["l’ W] e keQ ng(r’ k) af + T‘ Wmn‘(ri k)
aell.f]
r€(0.hf)

me{ll2. o0}

o Salh ] =j: B L LT DA
r€(0.hfF)
ve{l2.. rdy)

- Eun (K. Q)
® Sophimlts 7] =$ kqeQ

r €(0.Nf) h,/Np

vell.2...rd.}
mne (12, . 00}

(.00 + 8,7 ~0) ) W vk + @ (7. K)

Notation 21.5 We implement external sources into the partition-function as

2 Zlja T Tl = | 9G0) 0x0 [ = (SulwT1+ Spld P+ Supnlr 7)) + T, T+ 7o)
«& {clph}

(21.6)

with abbreviations

» jclIcl E# ;fF” jnlc(r~ k)l[lma(f, k)
ael(l,
re(0.hf)
me [1.2.....00)

. }pthh = * g(eo(im ;,(T~Q)¢‘(T’Q)
T 8
vell2. . rd,)

e elc...



Lemma 21.16 For the phononic occupation numbers of the interacting system we have the identity

| '
(Hp) v -2 Y Q@%@

g€if,;xQ
vE(12,...rd, )

Corollary 21.17 Evaluating the Matsubara-sums simplifies the individual terms as

(Hyy= Y Q@B Q)

qe0Q
ve (L. . .rd,)



Lemma 21.16 For the phononic occupation numbers of the interacting system we have the identity

1 iw 0*
(Hp)m == Y e""Q@)%.(
geifd,  xQ
VE(1.2....rd, }

1 2
* ﬂZN Z Q\ (q - 0)8,,,“,(k~ O)gn’n'u(k"- 0){4(].‘(‘1 = 0){6)01:.0(16){6]().'{.6'(’{')
e

nn'€(1,....00)

vE(1.2.....rdy)

Q\,-(q)lgn'ny(k’ q)lz'qo-_‘(q)%.n.ﬂ(k){yo_"'.a(k + Q) + o(g.‘)
P ke xQ
qEei, xQ
ve(l2... rd)
nn'€ll,....0)
agell.l]

Corollary 21.17 Evaluating the Matsubara-sums simplifies the individual terms as

(Hyy= Y Q@B Q@) + Y, AB
qe0Q ve({l...rd;)
ve{l.2.. . rd,)

Q‘( ) 5 B (Q\ (q)) -B (gn'.a o7 :nﬁ. ) ﬂCSCh(ﬁQ‘( ) 2)2
= 2 Nq & (K@) (Fﬁ(gn.s.k) = Fﬂ(gn'.clu-q)) : s — 2 : iQ )+ :l -/
kqeQ P (Q\ (q) & ‘:n.a.k = :#J.H‘q) # (q én,a.k g".'”'kﬂl

ce(l.t)
ve[l2,...rd)

with real coefficients A and B, defined as

A,=0@q=04q=0=0'q=0, B=— Y g.kOFEL) (21.24)

- VN, i

oeil.r]



H= H, + 14

t t gmnv(k‘ q) 1 t
- Z €koCit s Caka T Z hwq‘bbqquv + Z _N Cx +qmo Ckno by, + b_qv
keQ qeQ kqeQ Ve
ace|tl) ve(l...rd,) ce(1.l)
mell,.... oo ve([l...rdy)
mnell,... o}

Lemma 8.28 The hermiticity of the Hamiltonian implies for the coupling

gmm-(k’ q) = g’ (k +q, _q)

nmv

Lemma 8.29 Notice that for inversion-symmetric crystals one has the additional symmetry

gk q =g (-k,—q).
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Lemma 8.28 The hermiticity of the Hamiltonian implies for the coupling
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Lemma 8.29 Notice that for inversion-symmetric crystals one has the additional symmetry
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Results:
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Interpretation:



Interpretation:

(Hpn) =~ Z Q,(q)Bs(2(aq)) + Z AUBE
qeQ ve{l,2,...,rdy}
ve{l,2,...,rdx}
SZV B QI/ = B: sn', o, ~Sn,o, 1 ﬁCSCh Q,, 2 2
- Z (q) |gn,/nl/(k7 q)’2 (F{i(én,a,k) - F[3(§1L’,a,k+q)) 6( (q)) 2 (£ et E 2 k) T Q (ﬁ (q)/ )
k,qeQ NP (Ql/(q) + fn,a,k - &n’.a,k+q) 4 V(Q) + gn,a.k - 571’,0,k+q
ce{l,t}

ve{l,2,..,rdx}
nn'e{l,...,00}

+0(g")

= Y (@Bs(u(q) + > AB + Y Kien + O(g%)
qeQ ve{l,2,...rdy} keQ

2 ) T rdy } oe{l,t}

L [ . oo}



Interpretation:

(th) o Z QV(Q) Bﬁ(QV(Q)) + Z AUBE
qeQ ve{l,2,...,rdy}
ve{l,2,.. rdx}
Q, Bs(Q(a)) - Bg(&n,0,k+q — én,o, 1 Besch(BQ,(q)/2)?
- Z (q) |g'n,/nl/(k7q)|2 (F[5(§1L,a,k) _Fﬁ(gnlfa,k+q)) ﬁ( (q)) B(é e £ P} k) ZQ ( ( )/ )
k,qeQ Np (Q CL) n,o,k — 5n’.a,k+q) V(q) + 57%0.‘1( - €n’,a,k+q
ce{l,t}
ve{l 2 mrdie}
n,en'é{l,...,oo}
+0(g")
= Y 2(@)Bs(u(q) + >
qeQ ve{l,2,...rdy}

ve{l,2,...,rdx}




Interpretation:

(th) ~ Z QV(Q) Bﬁ(QV(Q)) + Z AUBE
qeQ ve{l,2,...,rdy}
ve{l,2,.. rdx}
v B Ql/ ~B n',o — Qn,o °S v 2
-y D P FalEnon) ~Falnorg)) | 22O BoCrora = Cnon) | 1 Besch(BlL, (q)/2)
k,qE Q Np (S2 C us 71,0‘,k — 5n’.a,k+q) 4 Qy(q) + 57170’.\1( - €n’,o‘,k+q

oe{l,1}
ve{l 2 mrdie}

nn'e{l,...,00}
+0(g%)
= Y Q(@)Bs(u(a) + >
qeQ ve{l,2,...rdy}

Let’s take a closer look at the kernel!
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The reason why it doesn’t increase with increasing
temperature:

Molar Heat Capacity vs. Temperature
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Reason:
Why computed specific heat an constant volume, but in
experiments, one measures at constant pressure!



Effects of Spin-Orbit Coupling and Thermal Expansion on the Phonon-limited
Resistivity of Pb from First Principles

Félix Antoine Goudreault,! Samuel Poncé,?? Feliciano Giustino,*® and Michel Coté!

volume Vi(T'). Most experiments are instead made at
constant pressure which can be obtained as [30]: T T T T

Cp(T) = Cv(T) + &> BVy(T)T, (5) 4

where B is taken from the free energy fits of Eq. (3) and

ao(T) = Vio 6‘2}” p 18 the linear TE coefficient, evaluated

at constant pressure P. 3F 2
Exp. [57] ‘
] =~ PBEwithoutSOC[16] |
& 2f — = LDA without SOC [16] V-

= = LDA without SOC
~ DA with SOC

a?BV,T

p OVl

I I 1
0 200 400 600

Temperature (K)
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[Currently still a “draft”]

Tensor-Moment Analysis of Spin-Orbit Coupling Enhancement through Electronic
Interactions

Sebastian Kalhofer “ * and Lars Nordstrom
Department of Physics and Astronomy, Uppsala Unwversity, Box 516, 75120 Uppsala, Sweden



Bloch-Kohn-Sham-Wavefunctions for a single electron in a
crystal:

(HY.)(r,s) = E. ¥_(r,s),



Bloch-Kohn-Sham-Wavefunctions for a single electron in a
crystal:

(HY.. )@@ s)=EP.(T,3)

- are being used to extract ground-state-properties through
observables:



Bloch-Kohn-Sham-Wavefunctions for a single electron in a
crystal:

(HY,)(r,s) = E ¥_(r,s),

- are being used to extract ground-state-properties through
observables:

Definition 9.1 The [F Jermi-[S Jurface of a non-interacting metallic system is defined as the set

FS={keQ|3neN: ¢, = uT =0K) = E.}.



Example-System:

- Sr2Rh0O4 (Strontium rhodate)
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LDA (ELK-9.5.14 Calculation)



LDA (ELK-9.5.14 Calculation)




LDA (ELK-9.5.14 Calculation)

... "behind the scenes’ (...)




Fact:

Sometimes the “independent electrons™approximation fails
to reproduce experimental results

L DFT+U Planewaves,
Pseudopotentials,
and the LAPW
Method

Second Edition




DFT+U (ELK-9.5.14 Calculation):

- Yukawa-type of screening with U = 3.6 eV
- Around Mean Field Approximation

w L |
— Experiment

f — LSDA+U+SOC




Nofice:

---- LSDA + 2.4 x SOC
—— LDA+SOC+U
Fermi Energy

P

Energy (eV)

—-0.4 1

—0.6

—0.8 1

-1.0

=l 4
=l 4




Recap:



Notation 6.1 We consider the following sequence of Hilbert-spaces and densities

pr = 2N eg| =F0n) |

Theorem 6.2 For any one-body operator X on H one finds for the expectation-values

"Observable Quantity" = (X*Q)
=Trg (pszQ)



Notation 6.1 We consider the following sequence of Hilbert-spaces and densities
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U

2= Z Z Fy(enk — #)|l1",;‘k)(lpm| €EZ = L*(Crystal) ® C* ~ @ H, ]

keQ N=1 ) keQ

nstsy

Py = e N gl
Z _
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Theorem 6.2 For any one-body operator X on H one finds for the expectation-values

"Observable Quantity" = (X*Q)
=Trg (pszQ)

nstsv

=TI'H (pHx) = Z ZFﬁ(eNk_'u) <lP1:/Vk|X|\P]EIVk>

keQ N=1



Notation 6.1 We consider the following sequence of Hilbert-spaces and densities

Py = %e—ﬁ(uzu_,u\vzo) c 9 [ H = FH) ]

nstsy
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keQ N=1 ) keQ

U

= SV sV 0/ — 2 2
P =l | ej[ H, = L}(UC)® C ]

Theorem 6.2 For any one-body operator X on H one finds for the expectation-values

"Observable Quantity" = (X*Q)
=Trg (pszQ)

nstsv
= Try, (93 X) =Y Y Fylen— 0 <‘P;vk|X|‘P;Ivk>
keQ N=I

nstsv nstsv

=N, Z Z Fplenk — ,u)Ter (PNkX =N Z Z Fyenk — 1) <M sv |X|”bv >UC

keQ N=1 keQ N=



Fact:

For some observables, there I1s an extended
decomposition, that allows us extract even more
information!



e A(H-uN?) e{)‘[ H = F(H) ]

"Observable Quantity" = (X*?) = Tr » (p;XzQ) =Try (p,,X) =...
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nstsv

Py = Z Z Fyleni = m¥ o (¥ o |
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nstsv
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Theorem 8.2 We obtain

Tr (p1) = Tr p = wp” (8.4)
Tr [pS;”] = —su" (8.6)
T [pL;“] S 8.7)
TrlpL-S)]=1 5w (8.8)
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"Observable Quantity" = (X*?) = ... » N, Fylenk — 1) Z Z Try, (p Nk X) (8.1)
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Featuring: i
- Bandstructure with Tensor-Moment 110 for Rh-atoms, i.e. ¥ o as linewidth

with | = 2 and \alpha «<—— Rh kal
- blue / red LW = positive / negative sign
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“Behind the Scenes” ...

U=0.0eV U=3.6¢eV
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Featuring:
- Bandstructure with Tensor-Moment 110 for Rh-atoms as linewidth

- blue / red LW = positive / negative sign

Interpretation: The spin-orbit-interaction of the system increases, when U
increases!
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Hypothesis:

- The shift in energy bands corresponds to an increase in
spin-orbit-interactions!
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5/ 5 : Weyl-Points



Fact:

- In order to find Weyl-Points, one always has to do the same three
steps!

- Step 1:
Determining Fermi-Energy, Bandstructure and Projected DOS

- Step 2:
Finding a good Wannierization with Wannier90 (based on Step 1)

- Step 3:
Using the Wannier-Tools software to find the crossings on fine grids
(based on Step 2).



[Currently less than a “draft”, but much more than just
“begun”]
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Fact:

- In order to find Weyl-Points, one always has to do the same three
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WTe2 (in Progress ...)

Afterwards: Application to “less studied materials”



&, Share e

Which Materials require Hubbard interactions and
possess Weyl-points?

Yes. If by “require Hubbard interactions” you mean materials for which plain semilocal
DFT is inadequate or questionable and a local Coulomb term U—via DFT+U, Hubbard

models, or preferably DMFT—is important for obtaining the relevant magnetic/electronic
structure, then there is a rather interesting overlap with magnetic Weyl materials.

The most compelling examples are not the canonical TaAs-family Weyl semimetals; those
are comparatively weakly correlated. Instead, | would look at pyrochlore iridates,

correlated magnetic oxides, kagome magnets, and rare-earth Weyl semimetals.

Material /
Family

RyIry 07,
especially
YaIr 0y,
Pralr:07

CO;SILZSZ

SrRu0O;

HgCr,Sey

Mn;Sn

CeAlGe/
CeAlSi

Correlated
orbitals

Ir 5d

Co3d

Rudd

Cr3d

Mn 3d

Cedf

Typical
treatment
Hubbard U
+50C/
DFT+U /
DMFT

DFT+U,
DFT+DMFT

DFT+U,

DMFT

LDA+U/+S0C

DFT+U
sometimes
used

DFT+U

Weyl character

Magnetic Weyl nodes
near correlation-
driven MIT

Experimentally
established magnetic
Weyl semimetal

Multiple Weyl nodes
near Ep

Predicted double-Weyl
nodes

Magnetic Weyl

semimetal

Noncentrosymmetric
magnetic Weyl

How strongly |
would recommend
it

Excellent

Excellent

Excellent

Very interesting
theoretically

Good, but U is less
essential

Excellent for f-electron
physics
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