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Approximation

( [T( = Va—c + Va—a + Ve—a J¢a,r) (r) = ea.rd)a,‘r(r) = ( [Tc + chf T Va—a + Ve—u ]¢rz,‘r) (r) = e‘a,rd)(x.r(r)
(2.33)

whereas the effective one-particle-potentials
N, N,
Ver®) = ) Verr) = ) Vi) + Velr) (2.34)
i=1 i=1

- Born von Karman boundary conditions (...)
- Bloch-Theorem (...)
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Bloch-Kohn-Sham-Equations for a single electron

crystal:
(HY,,) (x,s)= E_ ¥ (r,s),

whereas s € {1, ]} and the Hamiltonian is given by

H = ;)—- +V,(r) + Hy(r)+V,.(r)- o,
m

- H, + Hy(r)+ V., (r) - o,
and the spin-orbit interaction term reads

h
m-=c=

Hgo(r) =

o (VVl\(r) X ﬁ) ?

Vf\(r) = V(J(r) . (an + VH T V\c + VD + Vn.) (l')

INn a

Self-consistent Kohn-Sham equations

Initial guess

n'(r), nt(r)

N

Y

Calculate effective potential

Vgﬂﬂ = Vex(r) + VHantree [] + V‘”(["‘A- ”1]

1

Solve KS equation

[— Ivit v;;,.(r)]w;’(r) =&Yl (r)

1

Calculate electron density

@)=Y f7lvr o

Output quantities

Energy, forces, stresses, eigenvalues, ...
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Bloch-Kohn-Sham-Wavefunctions for a single electron in a
crystal:

(HY,)(r,s) = E ¥_(r,s),

- are being used to extract ground-state-properties through
observables:

Definition 9.1 The [F Jermi-[S Jurface of a non-interacting metallic system is defined as the set

FS={keQ|3neN: ¢, = uT =0K) = E.}.
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Crystal = Lattice + Basis.
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... "behind the scenes’:

- Implementing a new subroutine in ELK

to compute / print the relative energies

- reading the data into a python-script
- Interpolating energies on the k-sheet
- (finding the “correct” basis)
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Fact: Planewaves,

“independent electrons”- and the LAPW

approximation fails to reproduce Method
experimental results N
Second Edition

— DFT+U

B.y This meth(;d, known as LDA+U, was ﬁrgt d;’\/efoped to be able to cope with
so-called Mott insulators, i.e. systems where LDA and GGA incorrectly predict
a metallic state. By construction, the resulting potential is orbital dependent.



[Introduction to DFT+U]
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- Yukawa-type of screening with U = 3.6 eV
- Around Mean Field Approximation
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Not done in the literature so far:

A quantitative interpretation of what is happening to the system,
without referring to a TB-Model!
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Notation 6.1 We consider the following sequence of Hilbert-spaces and densities

pr = 2N eg| =F0n) |

Theorem 6.2 For any one-body operator X on H one finds for the expectation-values

"Observable Quantity" = (X*Q)
=Trg (pszQ)
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Theorem 6.2 For any one-body operator X on H one finds for the expectation-values

"Observable Quantity" = (X*Q)
=Trg (pszQ)
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Theorem 6.2 For any one-body operator X on H one finds for the expectation-values
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Fact:

For some observables, there I1s an extended
decomposition, that allows us extract even more
information!



Theorem 2.7 Let U, V', W be vector spaces over the same field . Then there is an isomorphism

U)W xUQW) [V W).

Proof 2.7 See Appendix, Proofs, page 71.

Remark 2.7.1 This property is called the distributivity-law of the tensor product over direct sums.



Fact 2.15 Note that the Hilbert-space of a single-electron in a bulk crystalline environment is given as®

Crystal

H= Lz(Crystal) ®C>= {‘I’ : Crystal X {1,]} = C
oe{1.l}

|¥(r,0)|* = 1} (2.14)




Fact 2.15 Note that the Hilbert-space of a single-electron in a bulk crystalline environment is given as®

H = L*(Crystal) ® C* = {‘I’: Crystal X {1,1} = C |¥(r,0)|* = 1} (2.14)

Crystal
o€{1.l)

Fact 2.16 Recall that using the Bloch-theorem, we know that we can expand any wavefunction ¥ € L?*(Crystal) ®
C? as

P, o)=Y Y caPml:o) =Y Y e, o)ek” (2.15)

keQ N=1 keQ N=1

with a lattice-periodic spinors uy, (r, 0) = uy, (r + R,,, o) that obey certain differential equations”.



Notation 2.17 We denote the space of lattice-periodic functions as

LX(UC)=H, = {uk: UC->C

u (1) = Z T J lu, (r)]?d%r < oo} (2.17)

GeRL ucC



Notation 2.17 We denote the space of lattice-periodic functions as
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GeRL ucC

Theorem 2.18 Using Equation (2.7) this gives us an isomorphism

H = L*(Crystal) ® C* ~ (@ Hk> ® C? ~ @ (7 ®C%)
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Proof 2.18 Analogous to the proof of Theorem 2.12, in combination with Theorem 2.7.

(2.17)

(2.18)
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Fact 2.19 Using the decomposition of the unit cell into muffin-tins and interstitial regions, we obtain a correspond-
ing decomposition of the electronic Hilbert-space

H, ~ (@ L*([0, R, ], *dr) ® L*(S*,dQ) ® «:2) ® (LX(IR) ® C?) (2.19)
a=]
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Fact 2.19 Using the decomposition of the unit cell into muffin-tins and interstitial regions, we obtain a correspond-
ing decomposition of the electronic Hilbert-space

H, ~ (@ L*([0, R, ], *dr) ® L*(S*,dQ) ® cz) ® (LX(IR) ® C?) (2.19)
a=1
with
© 1
L(5%,dQ) = @ spanc. | J {,,, = lim)} (2.20)
=0 m=—|
Interstitial
Region (IR)
Muffin-tin
for atom «

(MT*)



Remark 2.20.1 Summarizing, we have in the spin-independent case the following hierarchy of Hilbert-(sub)spaces:

H = L*(Crystal) ® C°
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for example ...
e the spin-operator X = S, withi € {x, y, z},
o the angular-momentum operator X = L, withi € {x, y, z},

e the spin-orbital-coupling operator X = ) L, ® S, =L -S.
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for example ...
e the spin-operator X = S, withi € {x, y, z},
o the angular-momentum operator X = L, withi € {x, y, z},

e the spin-orbital-coupling operator X = ) L, ® S, =L -S.



Notation 7.1 For the discussion of tensor-moments, we consider a density-matrix p that has the dimensions 2[/] X
2[/] with matrix elements denoted as
=2%1+1

P=EPpsmsy €  Hermyy o (C) (7.1)
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Notation 7.1 For the discussion of tensor-moments, we consider a density-matrix p that has the dimensions 2[/] X
2[/] with matrix elements denoted as
=2%1+1

P=EPpuswy € Hermyy,n(€) (7.1)

We will now introduce
triple upper-index tensor-moments wfpr e Cwithk € {0,1,2,...,2l},pe {0,1},r€ {|k—p|,...,|k+p|}
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Definition 7.16 Let J € {L,S} denote either the orbital angular momentum operator or the spin operator. For
g € {—1,0,+1}, we introduce’ the associated rank 1 spherical tensor-operator Jf;) as

SO _ _Jx —1J,
2 ’
V2
Jél) =TI (7.30)
J +1iJ
ay_ ExTey
J+1 -



Definition 7.16 Let J € {L,S} denote either the orbital angular momentum operator or the spin operator. For
g € {—1,0,+1}, we introduce’ the associated rank 1 spherical tensor-operator Jf}” as

Jo L=,
=] T ’
V2
V=1, (7.30)
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() * Y
‘]+1

Theorem 7.19 The Wigner-Eckart-Theorem states (in our particular case) that
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Definition 7.16 Let J € {L,S} denote either the orbital angular momentum operator or the spin operator. For
g € {—1,0,+1}, we introduce’ the associated rank 1 spherical tensor-operator J fll) as

W _ _Jx —iJ,
] \/5
Jél) =J, (7.30)
S J,+1J,
+1 \/— )
2
Theorem 7.19 The Wigner-Eckart-Theorem states (in our particular case) that
AR Q) _ I—m’ ! 1 4
(Im'| L |im) = (=1) VIU+ DI+ 1) g m
: (71.33)
(55,1555, = (1) V(s + D@2s + 1) ( s SS)
g b

Proof .19 See Code Folder, ELK selated, Topic 12, Pthon-seript
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Featuring:
- Bandstructure with Tensor-Moment 110 for Rh-atoms as linewidth
- blue / red LW = positive / negative sign
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“Behind the Scenes” ...

U=0.0eV

Tesseral Tensor Band Structure for Atom 1, k=1, p=1, r=0, g=0
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“Behind the Scenes” ...
- Implementing a new subroutine into ELK-9.5.14 to compute (and write) the
orbital representation of the densities corresponding to Bloch-states along a
k-path (to file)
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“Behind the Scenes” ...
Implementing a new subroutine into ELK-9.5.14 to compute (and write) the
orbital representation of the densities corresponding to Bloch-states along a

-1.0 T

k-path (to file)
Post-processing in Python
(Debugging)
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Featuring:
- Bandstructure with Tensor-Moment 110 for Rh-atoms as linewidth
- blue / red LW = positive / negative sign
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Featuring:
- Bandstructure with Tensor-Moment 110 for Rh-atoms as linewidth
- blue / red LW = positive / negative sign

Interpretation: The spin-orbit-interaction of the system increases, when U
increases!

U=0.0eV U=3.6eV
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Hypothesis:

- The shift in energy bands corresponds to an increase in
spin-orbit-interactions!

U=0.0eV U=3.6eV
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Recap:



Recap:

AV) (r)+4L

H, o= m02+—+v(1’) -

2m ~ 8m3c2

8m?2c? (

o[ (V) (1) % [p-]]]



Recap:

2, P pt h
Hyco = |me+ 224V (1) - Lo b s (AV) (1) 50| (VV) () x o]
Notice that if V is a central potential
Ror—V(r)=V(r]) R (1.36)

then its gradient is given by

(W) (r) = (‘;—V> (r)" (1.37)

r r

and the expression simplifies to the form encountered in atom physics courses

h 1 /dV
Hsoc: (

4m?2c? r \ dr

)(r)a-[rxp] 1 (d—v> MS-L  (1.38)

2m2c? r \ dr



Recap:

+

h2

3 P’ p*
H o= |mc“+—+V(r)—
vee 2m (r) 8m3c?
Notice that if V is a central potential
Ror—V(r)=V(r]) R (1.36)
then its gradient is given by
- dv r
wW)m =5 )0 1.37
() o= (%) o (1.37)

and the expression simplifies to the form encountered in atom physics courses

h 1

Hhoe = G

(§) ©3Irxpl= 5,

2m2c? r

dv
<5> (r)S-L  (1.38)

5.99 socscf

8m2c2

(AV) (1) + 750+ [ (VW) (1) x [p-]]]

elk.pdf

m=c

133,9% v || Q

| socscf | scaling factor for the spin-orbit coupling term in the Hamiltonian | real | 1.0 |

This can be used to enhance the effect of spin-orbit coupling in order to accurately determine

the magnetic anisotropy energy (MAE).



Now: Tuning the effective SOC in our calculation “by hand”:

Part 3: Input blocks that can be varied to fit exp.-data.

I Note: No SOC :<=> socscf 0.
socscf
2.40

I dftu=0 corresponds to No DFT+U-Calculation.
I inpdftu=5 corresponds to the Yukawa screening.
dft+u

0 b : dftu,inpdftu

1 2 08.132 = s, 1; U fixed




[ Band-Structure-Calculation ]
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Fermi-Surface LDA+2.4SOC-Calculation

L}
—— Experiment

— LSDA + 2.4 x SOC

DFT+U Calculations
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Heuristically:

The energies depend quadratically on the changes (w.r.t.
U) of the 110 Tensor-Moment
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Heuristically:

The energies depend quadratically on the changes (w.r.t.
U) of the 110 Tensor-Moment

H, 'n(0)> = E,(,_O) |n(0)>, =123

H=H;+ AV

(H() + /\V) [n) = En]n).

E,=E® + AEY) + E? +...
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KO | Vv (0)\)12
En(/\):E,‘,.")+A<nf-“>'Vi.n,w>>+Azz'< |V [n®)]
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Summary / Lessons Learned:

- (Sometimes it is necessary to include electron-electron-interactions
to reproduce experimental behaviour),

- There is a correspondence between density-matrices and
Tensor-Moments,

- Many Observable Quantities can be re-expressed through
Tensor-Moments,

- Electron-Electron-Interactions can increase the effective
Spin-Orbit-Coupling,

- Tensor-Moments provide a technique to conclude this and further,
from which atoms the mechanism arise.
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