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1. Introduction

James Gleick about Isaac Newton:

“Newton formed his argument in classic greek geometrical style. Axioms, Lemmas, Corollaries, QED.
As the best model available for perfection in knowledge, it gave his physical program the stamp
of certainty. He proved facts about triangles and tangents, chords and parallelograms and from
there, by a long chain of arguments, proved facts about the moon and the tides.”

Notation 1.1 All equations in this document are writting in SI-units, unless otherwise noted.

Remark 1.1.1 Notice that in the ELK-code, all the equations are written in atomic units.



CHAPTER 1. INTRODUCTION

Self-consistent Kohn—-Sham equations

Initial guess

nt(r), nt(r)

-
L

Calculate effective potential

VS’I'{I'} = Veu(r) + VHartree[n] + Vﬂ-[n!* HL]

Solve K5 equation

[— % Vi V) |7 () = el 7 (1)

Calculate electron density

no(r) =Y, f7lye |

MNo

Self-consistent?

Output quantities

Figure 1.1.: Flow-diagram for DFT-calculations, taken from [Martin, page. 173]. Notice that the Schrodinger-
Kohn-Sham-equations are written in atomic units.



2. Crystals, (Atomic)-Bases and Coverings

2.1. Fundamentals on Lattices, Muffin-Tins and Interstitial Regions

Notation 2.1 We denote with Q the volume of the unit-cell.

Definition 2.2 Let S ¢ RY be a set of points. The convex hull of S, denoted as conv(.S), is the smallest convex
set that contains .S. Formally,

pieS,AiZO,Zﬂi:I,neN}.
i=1

conv(S) = { 2 AP,
i=1

Remark 2.2.1 There is also the geometric intuiton of the convex hull as the smallest convex polyhedron (in R?)
that contains all points in .S.

Remark 2.2.2 Recall further, that a set is convex if, for any two points a,b € conv(.S), the entire line segment
between them is also in the set. That is:

ta+ (1 —1b € conv(S), Vrel0,1].

Definition 2.3 For each atomic species a we define the muffin-tin radius Ry . Further, we introduce the minimal
muffin-tin radius

Ry = min Ryy . (2.1

min

Notation 2.4 We consider the convex hull of a finite crystal conv(C;) and choose a covering, that consists of
spheres with radii RMTG around atoms of the species a, which we call muffin tins MT,,, and the rest, which we call

interstitial regions IRs
conv (Cy) = <U MTa> U (conV(Cf)\ (U MTa>>

= MTs U IRs
= Crystal



CHAPTER 2. CRYSTALS, (ATOMIC)-BASES AND COVERINGS

Notation 2.5 For a vector r € conv (C;) "\MTs, there exists a lattice-vector Ry, such that r is within the Muffin-Tin
that is centered around R, ,. We then define

2.2)

Fact 2.6 For a better memory vs. precision ratio, it is advantegous to divide each muffin-tin M T, into two regions:

e an inner region, in which we expand functions up to a maximal angular momentum quantum number!

"usually": Ilmaxi € {1,2} (2.3)
e and an outer region, in which we expand functions up to a maximal angular momentum quantum number

"usually": Imaxo = 6. 2.4

2.2. Fundamentals on Tensor-Products

Theorem 2.7 Let U, V, W be vector spaces over the same field F. Then there is an isomorphism

UeV) W =UW)d [V & W). (2.5)

Proof 2.7 See Appendix, Proofs, page 114.

Remark 2.7.1 This property is called the distributivity-law of the tensor product over direct sums.

Definition 2.8 Let A = [a;;] € R™" and B € R, Then the Kronecker-product a.k.a. tensor-product A® B €
R™P*" is defined as

allB alzB cee alnB
A® B — CIZIB 6122B b aan )
amlB asz b amnB

INote that there is a typo in elk-9.5.14: In in the code Imaxi = 1 is implemented, whereas in the manual it states Imaxi = 2.



CHAPTER 2. CRYSTALS, (ATOMIC)-BASES AND COVERINGS

2.3. Fundamentals on Hilbert-Spaces - Spin-Independent Case

Fact 2.9 Note that the Hilbert-space of a single-electron in a bulk crystalline environment is given as?

L*(Crystal) = {q/ : Crystal » C

J ly(r)*d’r = 1 } (2.6)
Crystal

Fact 2.10 Recall that using the Bloch-theorem, we know that we can expand any wavefunction in a (bulk-)crystal
w € L*(Crystal) with respect to Bloch-waves (i.e. energy eigenfunctions of the Hamiltonian)

VOEDWDIIUM(S 2.7)

n=1 keQ

with a lattice-periodic function u,, (r) = u,(r + R)).

Remark 2.10.1 Recall that any lattice-periodic function u,, (r) can be expanded as a Fourier-series

Uy ()= Y cGe®r. (2.8)

GeRL

with complex coefficients ¢§ € C.

Notation 2.11 We denote the space of lattice-periodic functions as

GeRL

L*(UC) = H, = {uk: UC - C

u (r) = Z coeler, J |u, () |*d’r < oo} (2.9)
ucC

Theorem 2.12 Using Equation (2.7) this gives us an isomorphism

L*(Crystal) ~ @D H,. (2.10)
keQ

Proof 2.12 See Appendix, Proofs, page 114.

%In the literature one oftentimes finds L?(Crystal) = L>(S' x S'x.S') = L*(T?) in order to appropriately reflect the periodic boundary
conditions. However, this ridicules the notation, as r is usually denoting a spatial coordinate and not the coordinates on a torus.

10



CHAPTER 2. CRYSTALS, (ATOMIC)-BASES AND COVERINGS

Fact 2.13 Using the decomposition of the unit cell into muffin-tins and interstitial regions, we obtain a correspond-
ing decomposition of the Hilbert-space

L*(UC) = (@ L*([0, R,], F*dr) ® L*(S?, dQ)) ® L*(IR) (2.11)

a=1

with square-integrable functions on the unit-sphere L?(.S2,dQ2) that can be expanded in terms of spherical har-
monics

) !
LX(S%dQ) = GBspamC U {Y,, = lim)} (2.12)

1=0 m=—I

Notation 2.14 Let v, (r) = (r|nk) denote the single-particle wavefunction in the basis of Bloch states, and let us
consider the expansion

W"k(r) - Z Z Z c:limf:lim(ra)Ylm(Qa)ﬂMTa(r) t Z cr(iei(k-'-G)'rﬂIR(r) (2.13)

a=1 1=0 |m|<! GeRL

Remark 2.14.1 Summarizing, we have in the spin-independent case the following hierarchy of Hilbert-(sub)spaces:

H = L*(Crystal) ~ @ H,.

keQ
U

H, = L*(UC) = [ <@ L*([0, R, ], P*dr) @ L*(S?, dQ)) @ Lz(IR)]

¥

H, = L¥([0, R ], r*dr) ® L*(S?,dQ)
o I

H,, = L*(S*dQ) = @spanC U {Y,, = 1im)}
=0 m=—[

!
H 1) = spang U {Ylm = |lm)}

m=—I

11



CHAPTER 2. CRYSTALS, (ATOMIC)-BASES AND COVERINGS

2.4. Fundamentals on Hilbert-Spaces - Spin-Dependent Case

Fact 2.15 Note that the Hilbert-space of a single-electron in a bulk crystalline environment is given as®

H = L*(Crystal) ® C* = {‘P: Crystal X {1,l} = C

#Cr}’stal ¥(r, 6)|2 =1 } (2.14)

o{1.l}

Fact 2.16 Recall that using the Bloch-theorem, we know that we can expand any wavefunction ¥ € L*(Crystal) ®
C? as

W(r,o) = )\ Y e o) =D Y cpplin(r, 0)e (2.15)

keQ N=1 keQ N=1

with a lattice-periodic spinors u, (r, ¢) = uy, (r + R, 6) that obey certain differential equations®.

Remark 2.16.1 Recall that any lattice-periodic spinor u,, (r, o) can be expanded as a Fourier-series and w.r.t. the
standard-basis of spins

cngeiG"r for o =1
Up(r,0) = 5@ x(0) =18 ¢ en (2.16)
G§L se;u CNk) € foro =]
GeRL
. . G
with complex coefficients ¢y, € C.
Notation 2.17 We denote the space of lattice-periodic functions as
L*(UC) = H, = {uki UC - C |y (r) = Z coeler, [ |uy () 2d%r < oo} 2.17)
GeRL uc
Theorem 2.18 Using Equation (2.7) this gives us an isomorphism
M = L*(Crystal) ® C* = (@ Hk> RC =P (H,®C) (2.18)
keQ keQ

Proof 2.18 Analogous to the proof of Theorem 2.12, in combination with Theorem 2.7.

3In the literature one oftentimes finds L?(Crystal) = L2(S' x.S!x.S!) = L2(T?3) in order to appropriately reflect the periodic boundary
conditions. However, this ridicules the notation, as r is usually denoting a spatial coordinate and not the coordinates on a torus.
4TBReferenced.

12



CHAPTER 2. CRYSTALS, (ATOMIC)-BASES AND COVERINGS

Fact 2.19 Using the decomposition of the unit cell into muffin-tins and interstitial regions, we obtain a correspond-
ing decomposition of the electronic Hilbert-space

Hy = (EB L*([0, R ], *dr) ® L*(S%,dQ) ® CZ> @ (I*(IR) ® C?) (2.19)
a=1
with
0o i
L%($%,dQ) = @ spanc. | J {¥,, = lim)} (2.20)
1=0 m=—1

Notation 2.20 Let ¥, (r,0) = (r,o|Nk) denote the single-particle wavefunction in the basis of Bloch states,
and let us consider the expansion

Woro)= Y Y DN el g Y, (@) 7,0 Ty, )+ Y Y Sz (@) 0TI @) (221)
a=1 =0 |m|<I s€{1,]} GeRL se{1,|}

Remark 2.20.1 Summarizing, we have in the spin-independent case the following hierarchy of Hilbert-(sub)spaces:

H = L*(Crystal) @ C? ~ @ H,

keQ
U

H, = L*(UC)® C* =

U

H, = L*[0,R,],r*dr) ® L*(S*,dQ) ® C*
oo !

H,s = LX(5%,dQ) @ C* = @ spanc | | | (¥ ® 1, = limo)}

=0 m=—l ce{1,l}
I

H, 115 = spane U U Y ® 1, = lImo)

m==l c€{1,1}

(@ L*([0, R, ], r*dr) @ L*(S*,dQ) ® CZ) ® (L*(IR) ® C?)
a=1

13



3. Fundamentals on Special Functions

3.1. Wigner-3j-Symbols

Definition 3.1 We consider three (quantum) numbers j,, j,, j; € %Zzo subject to the triangle conditions

|j1_j2| Sj:s §j1+j2’ j1+j2+j3 € Z.

we define the triangle coefficient as

... (j1+j2_j3)!(j1_j2 +j3)!(_j1+j2 +j3)!
A1 J2J3) = — , :
Uy +ia+Js+ D!

Definition 3.2 Form;, € {—j,,—j,+1, ..., j,—1, j.}, such that m, + m,+m; = 0 we introduce the Wigner 3 j-symbol
through the Racah-formula

1 b U3 D . - , - - - -
<m1 e m > = (=D AG 1, as J3) \/(J1 +m)! (G —m)! (G + my)! (jy — m)! (3 + m3)! (j3 — m3)!
1 My my

—1)?
XY : Gl — :
=~ 2y +ja— =D Uy—m =2 o+ my—2) (35— jo+m +2)! (3 — j; —my + 2)!
whereas the summation index z is running over all integers such that all factorial arguments are nonnegative, i.e.
z >0,
z = jy+Jja—Js
z S jl - mla
Z 2 jy, = J3—my,

Remark 3.2.1 Notice that this implies, that the Wigner-3j-symbols are real-valued.

Remark 3.2.2 These definitions and formulae seem hard to digest, and they are. However, they are implemented
in many programming languages and software packages, and we will always use them as "black-boxes".

14



CHAPTER 3. FUNDAMENTALS ON SPECIAL FUNCTIONS

Lemma 3.3 For the 3-j-symbols

J1 Ja 3
mp m, ms;

one obtains ...

e the selection-rule

1 Ja J
(mll m22 m33> #0 < m +m,+m, =0

= m+my+m,  #0 <=><Jl /2 J3> =0
mp m, ms

e the triangle-condition

e . o J1 J2 J3
— < <
if|jy —jol £Jj3£Jjy+Jj, then <m1 m, m3>¢0

o the permutation-symmetry: For any permutation ¢ € S; one finds

<j1 J2 j3>:Sign(o_)j|+j2+j3<ja(1) Jo@) jo‘(3)>

m; m, mj Moy Moy Mo

o the "inversion-antisymmetry":
.jl j2 j3 — (_1)j|+j2+j3 jl .j2 j3
L L T mymy s
Proof 3.3 [TBReferenced

Theorem 3.4 One finds the orthogonality relations

: Jio T3 hvod Uy _
GhrtD Z <m1 n, m3> <m1 n, mQ) = OpusOmm Uf2 o)

my,my

. ho o )3 JioJa U3\ _
Z(2J3+1) (m1 m, m3> <m’ A m3>_6’”1”"/15m2”"'z

J3.m3 1

3.1

(3.2)

(3.3)

(3.4)

(3.5)

(3.6)

whereas the triangular delta {j,j,j;} 1s equal to 1 when the triple (j,, j,, j;) fulfills the triangle condition in

Equation (3.3) and is equal to O otherwise.

Proof 3.4 TBReferenced, Probably Judd.

15



CHAPTER 3. FUNDAMENTALS ON SPECIAL FUNCTIONS

3.2. Special Functions 1: Associated Legendre-Polynomials and
Spherical Harmonics

Definition 3.5 We define the associated Legendre-polynomials as functions

(1- x2)m/2 drm

m _ 2 I}
Pr) = e (= ) (3.7)
and the spherical harmonics as
B m [QI+DU=-m)! img
Y,,0,¢) = (=1 \/ 470+ m)! P"(cos O)e (3.8)

Remark 3.5.1 Notice that the spherical harmonics Y,,, are indexed by two quantum numbers:
e [: The orbital angular momentum quantum number, which can take values 0, 1,2, ....

e m: The magnetic quantum number, which runs from —/ to +/, meaning there are (2/ + 1) values of m for a
given /.

Lemma 3.6 One finds the identity

Y Q) = (=1, (@) (3.9

Proof 3.6 [ TBReferenced.

Theorem 3.7 The spherical harmonics satisfy the orthogonality relations

j dQY,,(Q)Y, () =36,5, . (3.10)
Proof 3.7 [TBReferenced.
Lemma 3.8 One finds the identity
21+ 2L + 1)(2L, + 1
Jdgn.m.<g)nm2(9)nmq(g>=\/( AR )<ld ; 18><1' 2 13>
o 7 M My (3.11)

=™ J ae Y/T—ml(Q)YIZmz (Q)Y/3m3 )

16



CHAPTER 3. FUNDAMENTALS ON SPECIAL FUNCTIONS

with 3-j-symbols.

Proof 3.8 ' TBDigitalized. '

Remark 3.8.1 Notice that we find the special case

4r I k I\(1l k I
2k+1JdQKml(Q)qu(Q)ZmZ(Q):(21+1) <0 0 0) <m1 ‘ m2> (3.12)

Remark 3.8.2 Notice that combining the selection-rule in Equation (3.2) with Equation (3.11), we are able to
write down the proportionality

. I, 1, I I, 1, I
JdQ Yll—m1(Q)Y12mz(Q)Yl3m3(Q) x (ml1 . X ) = 5m1+m2+m3,0 < 1 ’ ’ > (3.13)

m, mj mp m, ms

and thus we are able to write down the equation

J o YIT—ml (Q)lemz(Q)Y[3m3 Q)= 5’"1+m2+m330 J dQ YIT—ml (Q)lemz(Q)Ylﬂ"a (). (3.14)

Remark 3.8.3 Notice further that the triangle-condition in Equation (3.3) implied that <;11 ;1 2 rﬁ > = 0if
1 2 3

the triangle-condition is not being fulfilled. Thus one obtains for the special case ( (l) l(; (l)> = < (l) (l) l(§> the

triangle-condition0 = || = /| < k <[l +1=2l,ie. k=0,1,2,...,2l.

Remark 3.8.4 Notice lastly, that the odd-permutation-symmetry in Equation (3.4) gives the important special case

(5 0-cm(b) = omam )0 o

Since 2/ is always an even number, we have the implication

) I k1
kisodd = <0 0 O)-O (3.16)

Definition 3.9 For later use, we introduce the spherical tensors as

I
C@) =4/ 7Y@ (3.17)

ICf. forexample https://physics.stackexchange.com/questions/10039/integral-of-the-product-of-three-spherical-t

17
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CHAPTER 3. FUNDAMENTALS ON SPECIAL FUNCTIONS

Lemma 3.10 We define the Gaunt-coefficients c¢® as

® = (<22 [aav: @, Q)Y,, (Q 3.18
Pm.my) = (557 @Y, L, (Y, (@) (3.18)
and find the identity
I k1 l k )
(k) o 1vm
C/ (ml’m2)_( 1) (2l+1) <O O 0> <_m1 ml_m2 m2> (319)

with Wigner-3j-Symbols in parenthesis.
Proof 3.10 See Appendix, Proofs, page 115.

Remark 3.10.1 Notice that combining the two identities yields the identity

¢ (=my,my) = ¢!O(=m,,m,) < [TBDone? (3.20)

Lemma 3.11 Notice that one obtains the auxiliary-identity

¢ (m;, my) = (=1)" ™" (my, my) (3.21)

Proof 3.11 See Appendix, Proofs, page 115.

Lemma 3.12 A common way to linearize the indices of spherical harmonics into a single index /m (not a product)
is:
Im=P+m+1+1.

Implying
e When!/=0,m=0givesim=0>+0+0+1=1.
e When!/=1,m=—1,0,+1 gives Im running from 12 + 1 =2 to (1 + 1)> = 4.

e When!/=2,m=-2,-1,0,+1,+2 gives Im running from 2> + 1 =5t0 2+ 1)> = 9.
Proof 3.12 [TBReferenced.

Remark 3.12.1 Some example-values are listed in the table.

18



CHAPTER 3. FUNDAMENTALS ON SPECIAL FUNCTIONS

) Possible m values Range of Im (from > + 1 to (I + 1)?)
0 0 l1tol
1 -1,0,+1 2to4
2 -2,-1,0,+1,+2 5t09
31-3,-2,-1,0,+1,+2,+3 10to 16
Lemma 3.13 For
le€{0,1,2,...} (3.22)
one has
Ime {P+1,7+2,...,0+ 1) (3.23)

Proof 3.13 [ TBReferenced.

Remark 3.13.1 In order to enumerate all possible values of / and m in a loop, one thus often encounters in the
ELK-Fortran-code loops like:

do 1=0,1lmaxo
do Im=1**2+1, (1+1)**2

Theorem 3.14 Every potential V' can be expanded in spherical harmonics

oo !

V(r0,¢)= Y, Y, Viu(1)Y,,(6,4)

1=0 m=—I
with coefficients that are determined by overlaps
2z

Vim(r) = J

J' V(r,0,9)Y, (0,¢)sin8dod¢
0o Jo

Proof 3.14 | TBReferenced.

Remark 3.14.1 The mapping r +— V,_,_,(r) = V,(r) is the spherically symmetric part of the potential and is
oftentimes called the spherical component.

19



CHAPTER 3. FUNDAMENTALS ON SPECIAL FUNCTIONS

3.3. Special Functions 2: Radial Schrodinger-like-Equations for
Spherically Symmetric Potentials

TBImplemented and read over .

3.4. Special Functions 3: Bessel-Functions

Definition 3.15 For integers n > 0, we define the spherical Bessel functions of the first kind j,(x) and the spherical
Bessel functions of the second kind y,(x) as

' (x) = x" (_li)" sin x
InlX) = Cn+ DN\ xdx x

(x) = — x" (_li)" COS X
=T o+ DI\ xdx/) " x

whereas 2n + 1)!! = 2n+ 1)(2n — 1)(2n — 3) --- 1 is the double factorial.

Theorem 3.16 The spherical Bessel functions (i.e. both, the ones of the first kind and the ones of the second kind)
satisfy the spherical Bessel differential equation:

2 (4 dy 2 _ _
X <dx2 () +2x { == (x)+ [x* = n(n+ D] y(x) = 0.

Proof 3.16 | TBReferenced.

Definition 3.17 We define the the standard Bessel functions of the first J (x) and the standard Bessel functions of
the second kind Y (x) of order v =n + % as

D) =150, 100,y =[5,

Theorem 3.18 The standard Bessel functions of order v =n + % are explicitly given by:

J1(x) = lJ cos (xsin@— <n+ l)@) de,
p 2

T Jo

Y1 (x) = —lJ sin (xsin0 — (n+)0) do.

T ) 2

Proof 3.18 [ TBReferenced.
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Theorem 3.19 A plane wave can be expanded in terms of spherical harmonics and Bessel functions as

oo !

Mt =4z Y i (kINY )Y, #) (3.24)

1=0 m=-1

with normalized vectors

w)
M
=1

(3.25)

-
Il

N |-

Proof 3.19 | TBReferenced.
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3.5. Special Functions 4: The (Linearized) Augmented Plane Waves

Notation 3.20 We introduce the convergence-generating parameter*

rgkmax ~ 7. (3.26)

Definition 3.21 For each k € Q, we introduce a [Clircle [i]n [R]eciprocal [L]attice around k as the set

CiR,L = {G €RL_

Kk
k + G| < ri max } (3.27)

MT

min

with number of elements
ngk = | CiR, L | (3.28)

which represents the number of plane-waves that we use for each wavevector to solve the first-variational problem.

Definition 3.22 For k € Q and G € CiR,L and for position vectors within the first unit cell r € UC we introduce
functions as

rLei(G+k)'r’ r e IR,
Vo
i) = 5 Z A% (G + Kl (r,)Y,,(R,), T €MT,, (3.29)
[=0,1,...,Imaxo
m=—I,..., +1
j=1,..., MI"

whereas u,(r) is the regular solution® of the radial Schrodinger-equation

l E D - By =0 (3:30)

dr

with V, = V|_,-, representing the spherically symmetric part of the potential and the so-called linearization
energies E,, and the coefficients Aj‘lm(G + K) are chosen such that continuity is guaranteed up to the (M s 1) th

order®.

Remark 3.22.1 For position-vectors outside the unit-cell ¥ = r + R, withr € UC and R, € L;, we define the
(L)APW-functions via the Bloch-theorem

i@ 1= e*Rgp (1) (3.31)

2Cf. the ELK.pdf for the definition of rgkmax.

3Cf. page 43 in the ELK-book; Regular means here that the solution is well behaved at the origin » = 0, implying that it is finite /
non-singular.

4The explicit values of these coefficients is given in Theorem 3.23 below.
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Remark 3.22.2 If we have (M —1) = 1 for all / and a, we call these functions the augmented plane waves

(APW-functions). If we have (M e 1) = 2 for all / and a, we call these functions the linearized augmented
plane waves (LAPW-functions). Accordingly one says that one has (L)APW-functions for certain species etc.

Remark 3.22.3 Notice that Imaxo represents a cut-off> for the angular momentum quantum number / in the spher-
ical harmonics expansion within the muffin-tin spheres.

Remark 3.22.4 The linearization-energies E, are chosen close to the true energies €, of the bands whose character
within MT, is dominated by angular momentum /, since u,(r, E)) is used, unchanged, for every k-point and every
band, instead of re-solving Equation (3.30) at each band energy separately.®

Remark 3.22.5 Maybe / probably the differential Equation (3.30) is not the one that is implemented in the ELK-
code. Maybe / probably it is rather the one from "D D Koelling and B N Harmon 1977 J. Phys. C: Solid State
Phys. 10 3107". ['TBFigured Out.

Theorem 3.23 Ensuring continuity up to the (M i 1) the derivative across the muffin-tin boundary therefore
requires that the matching coefficients satisfy’

My
D DA% (G +k)=b, (3.32)
Jj=1
whereas
d='u®(r) iy o . .
D,=—7>— and b =G+ kI (IG +k|R,) €€y (G+k),  (3.33)
dr k. \/ﬁ

with r, the atomic position and R, the muffin-tin radius.

3As a rule of thumb (cf. Fleur-Documentation, page 23.) one uses Imaxo = l|k + Gl pax RMTminJ ~T.
6

o Why close to the band energy: Expanding the exact radial solution u,(r, €) in a Taylor series about E|,
u(r,€) = u)(r, E)) + (e — Ep) iy (r, E)) + O((e — E))?),

with &, = du; /0E, shows that augmenting the plane waves with u,;(r, E;) and i,;(r, E;) (this is precisely what happens once
(Ml“ - 1) = 2, i.e. in the LAPW case) reproduces the true solution up to second order in (¢ — E;). This is what one means
by linearizing the energy dependence of u;: the error stays small only as long as €, does not stray far from E;. Cf. Elk-book
page 45: Accordingly, E; must be set equal to the band energy.

o In practice one therefore sets E; equal to (or close to) the energy centre of gravity of the occupied part of the band(s) of that
I-character for the given atomic species, and updates it self-consistently every iteration as the potential — and hence the bands
— changes; cf. the variable gkmax in ELK and Fleur-Documentation, page 23.

o The solutions to these functions are orthogonal to each other, [(why?) cf. ELK-book page 43 and description of the subroutine
genapwir.f90 in the elk-documentation (version 9.5.14).
This needs to be reconsidered, since in the ELK-code one solves other radial equations than the ones indicated here...

"Note that this is in perfect agreement with the subroutine-description match.f90 in the elk-documentation for the version 9.5.14.
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Proof 3.23 See Appendix, Proofs, page 115.

Definition 3.24 Formalizing the above, we introduce the (L)APW basis as

Bapw = U U {6} = U B apw (K). (3.34)

keQ GeCiR L keQ
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3.6. Special Functions 5: The Local Orbitals inside the Muffin-Tins

Notation 3.25 Foreach atoma € {1, ..., r} and [a]ngular [m]Jomentum [q]uantum [n]Jumber (amgn) | € {0, 1,2, ...},
we introduce the number

n; o(l, @) = "the number of local orbital radial wavefunctions for atom & with amqn /", (3.35)

whereas we denote the [l]ocal [o]rbital [r]adial [f]unctions (lorf) as

{r=RM=R,( | A=Uia)€{0,1...,}x {1, ...,mol,@)} X {1,...,r} =A}. (3.36)

For each lorf R, we introduce auxiliary® functions

re U g A(r) satisfying Equation (3.30) (3.37)

. e . 2 Ii+1)
ri— u/LEu(r) satisfying the Equation 37 + 3 +V(r)—E,| ru,(r) =ru,(r), (3.38)
r—u,p (r) satisfying Equation (3.30) (3.39)

from this, we construct the local orbital radial functions as linear combinations

R,(r) := aﬂul’Elyi(r) + b/la/hEu(r) + Ci”A,EM(") (3.40)

and choose the coefficients’, such that R,(r = Ryir,) = 0.

Remark 3.25.1 Notice that one obtains Equation (3.38) by differentiating Equation (3.30) with respect to the
energy E,.

Remark 3.25.2 Whether the coefficients a,, b, and ¢, can be unequal to zero or not is specified in the respective
species files.

Definition 3.26 For each (/,i,a) = A € A we construct local orbital-wavefunctions

{(r, $.0) — RY(OY,($,0) = ¢ (1. $,0) | me (..., +1}} (3.41)

equipping us with the part of the basis consisting of (spin-independent) local orbitals

8 What boundary-conditions do these functions satisfy?
Note that we also allow the coefficients to be zero, depending on the species file.
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ro o 4 nola)

Bo=UUU U {00000}

={¢1. by ... b, } (3.42)

with

n; o = "the total number of local orbitals". (3.43)

3.7. Fundamentals on Species Files

Theorem 3.27 For some angular momentum quantum number

1€{0,1,2,... }

one finds the coupled angular momentum quantum numbers

je{ll=1/2],....11+1/2]}

and the corresponding coupled magnetic quantum numbers

Proof 3.27 [TBReferenced.]

Notation 3.28 We introduce the number k as

Kk=k():=j+1/2

Remark 3.25. | [ N O G N D G GO U I

Example: The Species-File for Ruthenium
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Character

J

OCC K

LW LW WD —S

)
0
0
1
1
0
1
2
2
0

ta

L L AT T w

1/2
1/2
1/2
3/2
1/2
1/2
3/2
5/2
1/2

2

NN DN AN

—_— 0 DN DN = DN =

27



4. Algorithmic Procedure in the
implementation

4.1. The First Variational Problem ("LDA")

Definition 4.1 The first variational problem a.k.a. [L]ocal [ D Jensity [A [pproximation, is a single, spinless electron
subjected to a lattice-periodic potential.

Notation 4.2 We consider a scalar potential, which is made up from three contributions:

e The ionic contribution V.

ion

(originating from the Coulomb-interactions of the nuclei),
o the Hartree-contribution Vy,

e and the exchange-correlation / Fock-contribution V,_,

e the Darwin-term V,(r) = h—2 (AV)(r)

8m2c2?

i
8m3c?

e the relativistic corrections V,(r) = mc* +

which are combined to form the fotal scalar potential of the first variation V,, as

vav(r) = I/O(r) = (I/ion + VH + I/Xc + VD + erC) (I')

Definition 4.3 We consider the differential equation of the first-variational problem a.k.a. the scalar Schrodinger-
Kohn-Sham-equations

2
<—§l—mA + Vb(l’)) lljfv(r) = (Hol//fv) (r) = Efvy/fv(r)- (41)

Fact 4.4 In the ELK-Code, one uses the (L)APW-functions in Equation (3.29) together with local orbitals from
Equation (3.42) as basis-functions for the solution of the first-variational problem, i.e. one takes the bases

nLo

Bo = U {¢j} ’ Bapw = U U (it = U B opw (K), Bapwiro = Bro U Bapw (4.2)
Jj=1

keQ GeCiRL keQ

such that the single-particle Hilbert-space of the first variational problem' H,, becomes approximately

I'The "zero" as index, refers here to a "simple problem" which can be solved, and the solutions of which will be used to tackle a "more
complicated" problem. This is standard-notation in physics.
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H, = L*(Crystal) ~ spang B ,py +LO (4.3)

Notation 4.5 For each k € Q, we introduce the basis

n o np o+ngkmax
Bio = U {‘l’j } ’ Bapw(K) = U {bricl Bapwiro(K) = B o U Bapw(k) = U {lllapw+1o}
j=1

GeCiR, L j=1 jk
“4.4)
and the Hamiltonian- and overlap-matrix w.r.t. B(K) as
Ho(k) = matBAPWJrLO(k) Ho, S(k) = matBpr+LO(k) S(k) (4.5)

Remark 4.5.1 [TBFigured out: Notice that this decomposition of the total basis is actually kind of puzzling...
When the basis-functions contain "plane-wave-factors", one can use the Bloch-theorem and can focus on a Schrédinger-
equation for each k-point. The local orbitals however dont have a plane-wave-factor... So in this sense, we are
using the local orbitals as basis-functions "too often". (?)

Theorem 4.6 Using the approximation in Equation (4.3), and using the Bloch-theorem, we can find all solutions
of Equation (4.1), by solving for each k € Q the generalized eigenvalue-equation

Ho(k)cfv—mpWHO(k) — Efv’.(k)S(k)Cfv—»apWHO(k). (46)
whereas CIV=®%+°(k) is a complex vector with ngkmax + ny  entries.

Proof 4.6 See Appendix, Proofs, page 116.

Remark 4.6.1 Notice that Equation (4.6) can be rewritten as a "usual" eigenvalue-problem by simple matrix-
inversion

Ho(k)clfv—>apw+10(k) — Efv’.(k)S(k)Cfv_)apw-Ho(k). — S_l(k)HO(k)Cfv_)apWHO(k) — Efv’.(k)clfvﬁapWHO(k)
4.7)

Remark 4.6.2 We can explicitly write down the matrices H,, by choosing an enumeration of the corresponding
reciprocal lattice-vectors

{G,.G,.....Gy } =RL«(k) CRL,. (4.8)

Together with the enumeration of the local-orbitals {(]51, e ¢,,Lo} from Equation (3.42) we obtain.
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H o Z(k) HAPV?’ Lo(k)
H (k) = APW . 4.9
oO=\m" w0 He® 5=
LO-APW LO?
with
H o (k) Ho (k) ... Ho (k) H o &k H o & .. H o (k)
APW? APW? APW? APW-LO APW-LO APW-LO
11 12 IN, 11 12 ng o
H o k) H o (k) ... H o (K H O(k) H o O(k) HA 0 O(k)
Ho k= "3 M | H oo G=| M o o
APW? . . . . APW-LO . . . :
H o k) Ho (k) .. Ho (k H o k H o (k) ... H o (k)
APW? APW? APW? APW-LO APW-LO APW-LO
Nyl N2 Ny Ny Nyl Ni2 Ninio
4.10)
H o & H o k) .. H o (k) Ho®k Ho(k .. Ho (k)
LO-APW LO-APW LO-APW LO? LO? LO?
11 12 IN, 11 12 Ingo
H oo k) H 00 W(k) ... H oO (k) H Oz(k) H Oz(k) ... H Oz(k)
H o ®&=| "5V Ho STl Ho®=| '3 g L7 (4.11)
LO-APW . . . . LO? . . -
H o k H o (k) ... H o (k Hoyk Hok .. Ho (k
LO-APW LO-APW LO-APW LO2 LO? LO?
nol o2 noNk ol n o2 nLonLo

whereas H o (K) = <¢k+G,-|HO|¢k+G->’ etc.
APW? '
ij

Remark 4.6.3 Since the Hamiltonian-matrix in Equation (4.9) has, w.r.t. to the basis in Equation (4.4) the dimen-
sions (ngkmax + n; ) X (ngkmax + n; ;), we can enumerate the eigenvalues and eigenvectors in Equation (4.6)
as

{Eq,&) | ne{l,.. ,ngkmax+n,}} 4.12)
and
{CZ"_’apW”"(k) | ne{l,...,ngkmax + nLO}} (4.13)
whereas CL'7*""*°(k) is a vector with ngkmax + n, , columns for each n and k with elements
(), = g an

meaning that the columns of the matrix C™V=#%+1°(k) are eigenvectors of the generalized eigenvalue problem in
Equation (4.6).

Remark 4.6.4 Usually one keeps only a (k-independent)small number nstfv < ngkmax + n, , of eigenvectors and
eigenvalues, which are the lowest in energy.
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Remark 4.6.5 Notice that hence we can expand each eigenstate of the first variational problem as

ngkmax-+ny o ngkmax-+ny o

| ‘//fr( )= C;fv; e (K) [Wapw+10) = P ape (K) [Wapw-+10) (4.15)
n n'k n'k

n,n'

n'=1 n'=1

4.2. The Second Variational Problem ("L(S)DA + SOC")

Definition 4.7 The second variational problem a.k.a. [L]ocal [S]pin [D]ensity [A]pproximation with [S]pin
[O]rbit [CJoupling, is a single, spin—%—electron subjected to a lattice-periodic, spinor-valued potential.

Definition 4.8 We start from the single-particle Pauli-equation with the remaining relativistic corrections?:

(HY,,) (r,s) = E,¥(r,s), (4.16)

sv SV

whereas s € {1, ]} and the Hamiltonian is given by

_P
H = o +V,xr) +H, (@ +V.():o, 4.17)
= H, + H,.(r)+ V. (r)- o,
and the spin-orbit interaction term reads
H (r)—La-(VV (r)xp) (4.18)
soc - 4m2c? fv P, .

Notation 4.9 For each k € Q, we now use the Bloch-wavefunctions {u/fv Wiy, e, W gy } and use it to con-
1.k 2.k nstfv,k

struct the basis By, for the second variational problem as

By, (k) = {|u/f¥(> ®lo)=1¥r) | ne(l2...nsv) o€ {m}} (4.19)

whereas we introduced the bra-ket-notation for the state-vectors, and the spin-coordinate s is given as

v(r)  if s =1 0 if s =1
(r,s|¥e)= ik , (r,s|¥ )= . (4.20)
nkt 0 ifs =| nkl wry (r)y ifs=]

and such that the single-particle Hilbert-space of the second variational problem H,;, becomes approximately

H = L*(Crystal) ® C* ~ span,. | | By, (k) (4.21)
keQ

’Le. including spin-orbit interactions
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We further introduce the Hamiltonian-matrices w.r.t. B, (K) as

H(Kk) = matg_ H. 4.22)

Theorem 4.10 Assuming the orthonormality of the Bloch-wavefunctions obtained in solving the first variational
problem?, and using the approximation in Equation (6.2), we can find all solutions of Equation (4.16), by solving
for each k € Q the generalized eigenvalue-equation

H&CYMK) = E,, .(K)CM(K). (4.23)

Proof 4.10 Analogous to the proof of Theorem 4.6.

Remark 4.10.1 Since the Hamiltonian-matrix in Equation (6.2) has, w.r.t. to the basis in Equation (4.19) the
dimensions nstsv X nstsv, we can enumerate the eigenvalues and eigenvectors in Equation (4.16) as

{eN(k) = Espa®) = Ey®) | Ne(l... ,nstsv}} (4.24)

and

{CVMK) | N e{l,...,nstsv}} (4.25)

whereas for each N the symbol C;V,"fv(k) represents a vector with nstsv columns. The columns are labelled through
band and spin-indices n € {1, ...,nstfv}, 6 € {1, |} and k € Q such that one has components

(Cv "), , =Cyol (k) (4.26)

o N.,n'c’

Remark 4.10.2 Notice that hence we can expand each eigenstate of the second variational problem as

nstfv nstfv
_ sv—fv _ sv—fv !
|‘P1§/Vk> - Z Z CN,n’a’(k)lan/flzlg) - Z Z CN,n’o"(k)llllr;f,\;(> ® |6 > (427)
n'=1¢'€{t1,l} n'=1c'€{t,l}

Remark 4.10.3 Notice further that Equation (4.27) can be rewritten in the usual "spinor-form" as

sty —~gy—fy .
antzl CN,,JT (k)wrfka (ry ifs=1
2273 C,S\fj,/ff(k)l// i (r) ifs=]

_ ayr) ifs=t
" B ifs=l

3 TBInvestigated! (In the Bulla-script, wavefunctions are not normalized to mere products of delta-functions, cf. page 46 in the script.)

<I‘, Sllpﬁl\i) =
(4.28)
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4.3. Inclusion of Hubbard-U-Terms ("L(S)DA + SOC + U")

Definition 4.11 A Mott-insulator* is a system where LDA and GGA incorrectly predict a metallic state.
Remark 4.11.1 The "LDA+U method" was first developed to be able to cure these anomalies.

Remark 4.11.2 In what follows, we restrict our attention to the case that one applies a Hubbard-correction to one
species.

Fact 4.12 In the most general version of LDA+U a HF-correction to the energy enters with the form

1 1
Eyr = 5 Z Poc [(ablgled) —(ablg|dc)| pyy = 5 Z (PacPba = PaaPsc) {ablglcd) (4.29)
abcd abcd

whereas p,, is one element of the density matrix with dimension

D=2(21+1)=({T,l}x{—z,...,o,...ﬂ}) (4.30)

which acts as an occupation-matrix and a, b, ¢, d are single-electron states>

Remark 4.12.1 Usually one decomposes these terms further into ...

o the Hartree-contribution Ey as

1
Ey =3 Y puclablgled)py, (431)
abcd

e and the Fock-contribution a.k.a. exchange-contribution Ey as

1
Ex = =5 X pulablglde)o, (432)

such that

Eyr = Ey + Ep. (4.33)

Fact 4.13 The goal is now to find a neat / systematic / enlightning way to evaluate the matrix elements®

(ablglcd) =§E %E v, (D, (2)g(rp)w (D, (2) (4.34)
1 2

4Cf. the ELK-book page 20.
SCf. Articles 09 and the references 6,7, 15 inside.
6Cf. for example Zirnbauer 2017/2018 Sheet 13, Exercise 1 for the example of the Coulomb-interaction matrix-elements.
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for some functions y,.

Remark 4.13.1 Typical interactions g are for example the Coulomb-interaction

0,0)2r—gr=reR (4.35)
or the Yukawa-interaction

(0,0)3r— g(r)=e"/reR (4.36)

whereas the equations are written in atomic units.

Notation 4.14 We consider one-electron states a etc. to have a wavefunction of the type

V() = 0,(0) 2, () = R, (r)Y,, (@)1, (5) (4.37)

whereas the radial part R,H(-) is the radial wavefunction from the (L)APW-functions in Equation (TBReferenced).
(And not from the local orbitals in Equation (TBReferenced); The local orbitals that we use to complement our
basis do not enter the LDA+U method.).

Remark 4.14.1 Notice that we restrict attention to the case that the one-electron states have the same angular
momentum quantum number /.

Theorem 4.15 We consider the case, in which the interaction g operates only on the spatial degrees of freedom:;
Further we assume that the interaction g can be expanded as a series as

g(r) = ) ,(ry,15) P(cos 0,,) (4.38)
k=0

with relative coordinate r,, = r, — r, and the angle 6,, between the two vectors r, and r,, i.e.

r,,r
cos B, := {r.r) (4.39)
rr,
Then one finds the expansion
4 +k
T %k
P(cos ) = 5 —— q;k Y7 (Q)Y,,(Q,) (4.40)

Proof 4.15 Cf. for example Jackson 3rd edition, Equations (3.38), (3.62).
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Remark 4.15.1 Notice that using Equation (3.9) we can rewrite Equation (4.40) w.r.t. spherical tensors as

+k
P,(cos8,,) = 2k+1 Z( DY, Q)Y () = ) (-1)CE (Q))CKQ,) = C (1) - C*(2)

q=—k

Remark 4.15.2 Notice that combining the two formula gives

g(rpy) = ng< )T 2 " (Q))Y,(Q,)

(4.41)

(4.42)

with expansion coefficients g, that depend on the type of interaction g (Coulomb- or Yukawa-interaction etc.) and

using that g is real valued we also obtain the identity

g(r) = g(r,)" = ng( )T Z Y QDY (Q,)
= ng(rl,rz)% Z( 7Y, (Q))Y, _,(Q,)

= ng(rl,@) Z( Ck@)Ck (@)

q=—k

Lemma 4.16

e For the Coulomb-interaction between two electrons (in atomic units) g(r,,) = r1_21 one obtains’

gk(rprz) =

\l\
VA=

whereas r_ and r_ define the lesser and greater of the two radii,

e for the Yukawa-interaction between two electrons (in atomic units) g(r,,) = €*"12 /r,, one obtains®

gi(ri,ry) = =2k + DAj (iAr )R\ ({Ar,)

with spherical Bessel-functions j, and and spherical hankel functions of the first kind ht)

Proof 4.16 | ToBeReferenced.

Theorem 4.17 The matrix-elements in Equation (4.34) can be decomposed as

7Cf. Jackson 3rd edition, Equation (3.38).
8 TBReferenced.

(4.43)

(4.44)

(4.45)
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(ablgled) =6, 6, Y F AL (m,my,m..m,)
k=0

with Slater-integrals as double-integrals of the type’

Fl(k) = jf d(ry,ry) "%R?("l)gk(”p rz)Rzz("z)"g

and [A]ngular-[I]ntegrals

+k

4 % * *
AT (g my,meumy) = === 3 Jdﬂllﬁma(ﬂl)qu(ﬂl)Ysz_(ﬂl) J dQ,Y; (@)Y, ()
q=—k

Proof 4.17 See Appendix, Proofs, page 117.

Corollary 4.18 One obtains for the angular-integrals the idenity

k —my (k) (k)
AI[ (ma’ my, m, md) = 5ma+mb,mc+md(_1)mb " ¢ (ma’ mc)cl (mb’ md)

(k) (k)
= 6ma+mc,mc+mdcl (ma’ mc)cl (mda mb)

Proof 4.18 See Appendix, Proofs, page 117.
Remark 4.18.1 Notice that these integrals are in the literature known as Slater-integrals.
Remark 4.18.2 Notice that we also find the identity

+k
k (k) (k)
Al (m,, my,m,,m;) = Z (=176, 1 Ogmy—m, €, (Mg m e (my, my)
q=—k

Lemma 4.19 One finds

(o]
(k) (k) (k)
<ab|g|Cd> = 5sa,5053b,sd5ma+mb,mc+md Z F} Cl (ma’ mc)cl (md’ mb)
k=0

2
_ my+m 2 w1 k1 / k i
_5“‘0"‘2551}7%5ma+mb»’"a+md(_1) ’ 2L+ Z P‘l (O 0 0> <_ma m,—m. m,
ke(0.2.4,...21)

Notice that the radial functions R, are real valued 'Source?!, such that one can simply write the square, instea

(4.46)

(4.47)

Y, (€2,). (4.48)

(4.49)

(4.50)

l k /
—-my; my;—m, m,
“4.51)

d of the absolute square.
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CHAPTER 4. ALGORITHMIC PROCEDURE IN THE IMPLEMENTATION

Proof 4.19 We combine Equation (4.46) with Equation (4.50) to get the first identity. For the second identity, we
use Equation (3.19).

Lemma 4.20 One finds further

+k 2
_ o ymgtm, 2 _ w1 k1 l k1 I k1
@ilsled) =5, e 3 Tt (6o (G L ) (G b om) @

ke{0.2.4,..21} g=—k a

Proof 4.20 For this we compute straightforwardly

(ablgled) =6, , 6, . Y FOAI (m.mp,m.m) = ... (4.53)

SarSc Sps
k=0

and now we simplify

+k

4777 = * *
ALy mesmi) = 377 2, J A(@,, )Y}, QDY@ @) Y, (@)Y, (@)Y, (@)
=
+k 1 2
m m, T T
= Z(‘l) - T Jdg1 Y, Q)Y ()Y, (Q)- mjdgz Y, ()Y, ()Y, (Q,)
q=—k
+k 2
I k1 I k1 Ik 1
— 1 \Mgtq+my 2
_Q=Z—k( . G+ <0 0 0> <_ma -4 mc> <_mb q md>

(4.54)
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5. The different Basis Sets and the
Single-Particle Density

5.1. The Standard-Basis
Notation 5.1 We start by considering the standard-basis of L*>(Crystal) ® C?

H = L*(Crystal) ® C* = span, U { Ir) ® |a)} = spang By, 4ara (5.1)

ce{1.l}
r € Crystal

whereas | 1) = < é), | 1) = <(1)> refer to the complex standard-basis of C2. The resolution of identity becomes

then

1, = r,o){r,oc 5.2
" verry TroNr0l (5.2)
reCrystal

Remark 5.1.1 Notice that the state-projector p . = | ni ) (P vk | has matrix-elements w.r.t. the standard-basis as

an(T)ay, (F)  ay (0)fy, (')
(r.sloplr’s s’y = (matg pyg) (rosir’, sy = (N0 TN T RN (5.3)
s Pric®as, (1) BB ) )
such that we can conclude the matrix-elements of the total density as
nstsv * !/ * !
Ui (O (1) g ()5, ()
(roslolt’,s") = ) D Faplen(®) = ) e, e (54)
keQ N=1 ﬁNk(r)aNk(r ) ﬂNk(r)ﬂNk(r ) 5,8
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CHAPTER 5. THE DIFFERENT BASIS SETS AND THE SINGLE-PARTICLE DENSITY

Definition 5.2 We define the spin-operator S as linear operator on H, which has matrix-elements w.r.t. the
standard-basis as

(r,s]S,Ir",s") = (matg (5.5)

standard S,S /

S.)(x,s;r',s) 1= 26(r -1 (o.)

Remark 5.2.1 Notice that the spin-operator acts as the identity on the spatial part of the wavefunction, i.e. we
have

(r,s|S.|¥) = $ ,(r sISIr',s") (', s'|¥) = %E s(e—r") (o )75, <r',s'|‘P>=2(az)s’s, (r,s'|¥) (5.6)

Theorem 5.3 We obtain the identity

Try, (pyicSs) = 2 J &’r Tr,, Kamm{v o aN"(r)ﬁf "(r)> : Gz] (5.7)
2 Pk, (1) P (r)fy, ()

Proof 5.3 We compute the matrix-elements of the composition as

(r,slppS.Ir',s') = (maty_ ppyS,) (x,s:1, ")

B ) Wy
2 G0 \ B, () B ) o

_h i (D, (1) ap, ()5, () g
2 Py, (1) B (), () ’ .

and now taking the diagonal elements proves the theorem.
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CHAPTER 5. THE DIFFERENT BASIS SETS AND THE SINGLE-PARTICLE DENSITY

5.2. The Basis from the Solutions of the Second Variational
Problem

Notation 5.4 We start by considering the basis from the solutions of the second variational problem according to
Equation (6.2) as

= 2 2N sV =
H = L~(Crystal) @ C* = span, U U { |‘PNk)} = spang By, (5.8)

keQ Ne{l,...,nstsv}

Remark 5.4.1 Notice that the state-projector p , is diagonal w.r.t. this basis as

o O
N el )
o

)

matg o= |5 5 9

or, rewritten as matrix-elements,

(\P&VJ ka|\PMslvq,> = (matg_ pyi) (MQ; M'q") = 8y 316 p11Skqr (5.10)
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CHAPTER 5. THE DIFFERENT BASIS SETS AND THE SINGLE-PARTICLE DENSITY

5.3. The Basis from the Solutions of the First Variational Problem

Notation 5.5 We start by considering the basis from the solutions of the first variational problem according to
Equation (4.1) as

H = L*(Crystal) ® C* ~ span, U U U {I‘P fy )} = spang By, (5.11)

keQ ne(l,. nstfv) ce{ 1.} nko
Remark 5.5.1 Notice that the state-projector p,,, can be expanded w.r.t. the this basis as

pvic= [P ) (W o |
= Y Gt (Cih) 1P (¥

nn' €{1,...,nstfv}
o.0'e{1,l}
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CHAPTER 5. THE DIFFERENT BASIS SETS AND THE SINGLE-PARTICLE DENSITY

5.4. The Basis from the (L)APW + LO Functions

Notation 5.6 We start by considering the basis from the apw+lo-basis-set according to Equations (4.1) as

Bo= U {¢j} ’ Bapw = U U {Pric) = U B apw (K), Bapwiro = Bro U Bapw (5.12)
j=1

keQ GeCiR L keQ

such that the single-particle Hilbert-space of the first variational problem H, becomes approximately

H = L*(Crystal) ® C ~ span,. [Bpr+LO (1 1)]1)) ] (5.13)

Remark 5.6.1 Notice that the state-projector p ) can be expanded w.r.t. the this basis as

P = ¥ v (¥ sy |

= Y anReo(Cuh) s |

/
n,n' €{1,...,nstfv} n'ko

o.0'€(t.l)
*
3 fv— +1 S fv— +1
= X Qe ™ (GG ) ) Tyimai) © 1) il ® (0]
nn'€(1,...nstfv} mk m'k
mm' €{1,....,ngk+ny o}
o.0’€(1.1}

Fact 5.7 Switching to the coordinate-representation w.r.t. to the standard-basis and rearranging / relabelling terms
yields the expansion in Equation (6.14).
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5.5. The Basis from Spherical Harmonics

Notation 5.8 We start by considering the basis from the spherical harmonics and the eigenfunctions of ¢, as

co +l
H=(8%d®C ~spanc | ) | | {|1,m,o—>} = spang By, (5.14)
=0 m=—I c€{1,]}

Remark 5.8.1 Notice that the state-projector py, can be expanded w.r.t. the this basis as in Equation (6.19) as

R, -
— alms al'm's’ alm 'm’ 2
(p Nk > =y v J Ik ) (rr dr, (5.15)
aL(hS Ims,’m's’ 0
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6. Observable Quantities from
Operator-Expectation-Values

6.1. Re-expressing Many Body Expectation-Values through Simpler
Expressions

6.1.1. Case 1: Arbitrary One-Body Operators
The Idea

Notation 6.1 We consider the following sequence of Hilbert-spaces and densities

S e gl r=g00 |

Pz = Ee Y 4
U
nstsv

P = Z Z Fylenk — M)I‘P;]vk)(‘P]@vd € 2| H = L*(Crystal) ® C* ~ @ H, ]

keQ N=1 - keQ

U

— . 72 2
= lugduwl € 9[ H, = L*(UC)® C ]

In this section we will prove the following statement:

Theorem 6.2 For any one-body operator X on H one finds for the expectation-values

"Observable Quantity" = (X?Q)
=Tr, ( Pz X ZQ)

nstsv

=Ty, (pyX) =Y Y Eyeny - ) <\P]svvk|X|lP]svvk>
keQ N=1
nstsv nstsv
=N, Z Z Fpleni = ) Try, (pniX) =N, Z Z Fylen =) <uJ§ka|X|uzfrvk>UC
keQ N=1 keQ N=1
©.1)
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CHAPTER 6. OBSERVABLE QUANTITIES FROM OPERATOR-EXPECTATION-VALUES

The Details

Notation 6.3 We will assume now, that the basis that is given through the solutions of the second variational
problem in Equation (TBReferenced) is good enough such that we span the physically relevant part of the single-
particle Hilbert-space, i.e. such that we can approximate

H = L*(Crysta) @ C* m spanc | | {|\11]svvk>} (6.2)

keQ Ne{l,...,nstsv}

We denote the corresponding Fock-space by .7 (H) = .%#.

Notation 6.4 In the grand canonical ensemble, the many-body density is given by

pr = U e G170 63)

with ensemble Hamiltonian given in its second quantized form w.r.t. the basis given by the solutions of the second
variational problem as

nstsv

H? — N = 2 Z (eNk — ,u) c;]chk 6.4)

N=1keQ

In order to use the Lemma from the summary, we further introduce the notation

nstsv

=D, X Fem—wI¥s W ¥ | € P[H] (6.5)

N=1keQ

Remark 6.4.1 Notice that the matrix-elements w.r.t. the standard-basis of the density-matrices

Pk = e (P s | (6.6)

are given by Equation (5.3).

Fact 6.5 For any one-body operator X one finds for the expectation-values

Try (p7X??) = (X)) =Try, (py X) (6.7)

Proof 6.5 See Summary, TBReferenced.

Remark 6.5.1 Using Equation (6.5), we can simplify the right hand side of Equation (13.74) to
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CHAPTER 6. OBSERVABLE QUANTITIES FROM OPERATOR-EXPECTATION-VALUES

(X??) =Ty, (pyX)

nstsv

=3 3 Eyeny - )Ty, <|\P§[vk><q’;j\i(|x>

N=1keQ (6.8)
nstsv

= > 2 Falen— (¥ sy [X|¥ s )
N=1keQ

whereas we used the completeness relation in the last step.

Remark 6.5.2 We can obtain the same result, by evaluating the left hand side of this equation with Green-functions.
For this, note that the second quantized version of the spin-operator reads w.r.t. the basis given by the solutions
of the second variational problem

nstsv

2Q _ . T
X = Z Z (s [XI¥ s Jerpenne (6.9)

N.N'=1kk'€eQ

Then the left hand side of Equation (13.74) becomes

(X2Q> =Tr, (pszQ)

nstsv

= Z Z <\P]§f\i(|X|lI’]\;’Vk’>Try (pychcN,k,)

N,N'=1kKeQ
nstsv h

=> Y (Yo XY o V=GR, (1= 0)
N,N'=1kkKeQ K’k

nstsv

N,N'=1kkeQ
nstsv

= > Q¥ XI5 ) Fyleyy — 0)
N=1keQ

leaving us with the exact same formula as the right hand side.
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CHAPTER 6. OBSERVABLE QUANTITIES FROM OPERATOR-EXPECTATION-VALUES

6.1.2. Case 2: Spin- and Angular-Momentum Operators with Main-Contributions
from Muffin-Tins

The Idea

Notation 6.6 We consider the following sequence of Hilbert-spaces and densities

Py = %e_”(HzQ_”NZQ) IS .@[ H = F(H) ]
U
nstsv

Pu = Z Z Fplenk — M)|q’]§;k>(‘1’;,vk| € .@[ H = L*(Crystal) ® C* ~ @Hk ]

keQ N=1 keQ

pac=lus Yus | €7| H=L(UC)®C = [ <Q_? L*([0, R, 1, r*dr) ® L*(5%,dQ) ® Cz) @ (L(IR)® C?) ] ]
one €2| H, = L¥0,R,),dr) @ L}(S,dQ) ® CZ]

0 1
P Nk E_@[ HQLS=L2(S2,dQ)®CZ=@SpaHC U U {Y,m®;(65|lm0')}]

aLS 1=0 m=—I c€{1,]}
]

P Nk € 9[ H, 145 = spanc U U Y, ®7x = |lmo-)}]

aL(D)S m——I c€{1,1}

(6.10)

and in this section we will prove the following statement: For any one-body operator X which is defined on M, ,
which is defined on the series of Hilbert-spaces above, one finds for the expectation-values

"Observable Quantity" = (X*?) = Tr ; (pzX*?) = Try, (py X) =

nstsv

=N, YUY Fylen — 1) Try (paicX)

keQ N=1
nstsv
=N,y ZF (€ny — ,u)ZTrH <kaX>
keQ N= (6.11)
nstsv
~ N F T ( X)
Z Z (€Nk M)Z Ty, pa]ilfq
keQ N=
nstsv
-3, 3 T w0 Y X, (o, %)
keQ N= a=1 1=0 aLhS

Remark 6.6.1 Notice that this theorem can be used for operators X that are well defined on the Hilbert-space
I

H 105 = spane U U {Ylm ® 1 = |lm0>} , (6.12)

m==lc€{1.1}
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CHAPTER 6. OBSERVABLE QUANTITIES FROM OPERATOR-EXPECTATION-VALUES

for example ...
e the spin-operator X = S, withi € {x,y, z},
e the angular-momentum operator X = L, withi € {x, y, z},

e the spin-orbital-coupling operator X = . L, ® S, =L-S.

Remark 6.6.2 Notice that this allows us to augment our graphical representation of the logic of densities from
Remark ?? in the following way:

vy € I[FMH)

P € Z[L*(Crysta) @ C°|

pvi €D [ (@ L*([0, R,], dr) @ L*(S%,dQ) ® C2> ® (LA(IR) ® C?) | = 2[LX(UC) ® C?
a=1
pe €  Z[LX0,R,].r'dr)® L*(S*dQ) ® C’|
pne € Z[L(S%,dQ) @ €7
aLS
The demanding details are elaborated in the following subsection.
6.1.3. Coordinate-Representations
Then one finds for the density-operator
2 [L*(UC) @ C*] 2 IN,K)(N.K| = pyy 1 Hy — H, (6.13)
the coordinate representation (w.r.t. the standard basis in Notation 5.1)
oo, r’c’) = (ro|N,K)}{N,Kk|r'c’)
=33 DD e pain ) f ()Y, () Yo () 2,(0) 2 (6 Ty, (D) Ty, ()
a,a'=11LI'=0 |m|<l,|m’|<I" s,s'€{1,]} (6.14)
+ c](\;]i( G’ s l(k+G) r —1(k+G )r! IS(G)/‘K;/(G/)‘H [R(r)—n [R(r’)

G.G'€RL s,s'€{1,1}
+ "cross-terms"
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CHAPTER 6. OBSERVABLE QUANTITIES FROM OPERATOR-EXPECTATION-VALUES

Definition 6.7 For some species a € {1, ...,r} we now consider the mapping

70O ®C| 3 pc = pa €Z[LX0.R,].r*dr) ® L*(S*,dQ) ® C] (6.15)

defined by its coordinate representation

’ ! ! !
ro,r'c’) = (r r
pa(ro,rc’) =(rolpa |r'c’)
[So]

1 Pl of 1 TP ERN
=X XY e I )Y Q)Y (@) 2,(0) ()
LU'=0 |m|<L|m' | s,s'€{1,]}

(6.16)

Definition 6.8 We further consider the mapping

7 [LX((0.R,). AN @ L(S* ) @ C*| 2 p e = o = Trporyean £, € 7 [L2(S%dQ) @ C]
’ (6.17)

with coordinate representation

[¢e]

R, S -
pnk(Qo Qo)=Y Y Y et (J F ) fan (e yradr, )Km(szamm&%)xs(a)xs/(a')
0

als 117=0 |m|<L|m’ |<I" 5,5'€( 1,1}
(6.18)
with matrix-elements w.r.t. the basis in Equation (2.20) as
_ alms al'm's’ alm al’m 2
(P ) = culmscal J £ ) F (P dr, (6.19)
aLS/ Ims,/'m's' 0
and call this quantity the local-orbital density-matrix w.r.t. the species a for the state | NK).
Remark 6.8.1 Note that, in summary, we have the series of mappings
vk € 7 [ <@ L*([0, R,],*dr) ® L*(S%,dQ) ® C2> ® (LA(IR)® C?) | = 2[LX(UC) ® C?
a=1

pa €  Z[LX[0,R,],r*dr) ® L*(S%,dQ) @ C°|

Nk

pNne € Z[LX(S%dQ)Q C7

aLS

Remark 6.8.2 This matrix includes:
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CHAPTER 6. OBSERVABLE QUANTITIES FROM OPERATOR-EXPECTATION-VALUES

Off-diagonal elements in spin (¢ # ¢’) — relevant for non-collinear magnetism,

Off-diagonal elements in orbital angular momentum (I # ') — relevant for crystal-field and hybridization
effects,

*

Hermiticity: a = a .
y p Nk P Nk

Ims,'m's’ I'm's’ Ims

Notice that being the partial trace of a density, the reduced density matrix is also a density matrix, i.e., it is
positive semi-definite and has trace one.

Remark 6.8.3 By linearity, one defines the local-orbital density-matrix for the species a w.r.t. the ground-state
as

(Purs) Ims/'m's’ — 2 Frpleni = €F)P aNk
NEN mS l/ / /
keQ

(6.20)
— Z c;xvllr(nsc%l’(m’s’J falm(r ) al’m (I’ )rzdr
0
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6.2. Particle-Number-Operator

Theorem 6.9 Referring to the coordinate representation of the spinor-wavefunctions in Remark 4.10.3, we can
compute the expected number of electrons in the system as

nstsv

2 *
unumber Of electronsu — Z Z Fﬁ(eNk _ #)J d3r Tr2><2 < |aNk(r)| aNk(r)ﬁNk(r) > (621)
Crystal

N=1keQ 0 (D) By () |ﬂNk(r)|2

Proof 6.9 See Appendix, Proofs, page 125.

Remark 6.9.1 Using the Bloch-theorem and the periodicity of the lattice-periodic functions, this formula can be
simplified to an integral over the unit-cell only.

Remark 6.9.2 Notice that the decomposition of the density p into the charge-density n and magnetization-density
m as

1 _1 n(r)+m/(r) m(r)—imy/r)
Py () = 3 (n(r)T]2 +0 m(r))w, =3 <mx(r) Fimyr) () — m(r) M,, (6.22)
becomes reasonable, as
"number of electrons" = J Tr,,, p(r) = J d*r n(r) (6.23)
Crystal Crystal

In the next subsection, we will also see how the magnetization-density m relates to the expectation-value of the
spin-operator.

Theorem 6.10 In the spin unpolarized case (i.e. Hyo(r) + V, () - 6 = 0), the charge density n(r) is constructed
by calculating

nstfv
nw) 22 Y 3 Fylew = mlwn 0F, (6.24)

keQ n=1

whereas y, (r) are the solutions of Equation (4.1) and Fy(ey—p) € [0, 1]is the occupation-factor of the respective
state.

Proof 6.10 TBDone with identity from the summary and the number operator.
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6.3. Spin-Operator

Standard-Basis

Definition 6.11 We define the spin-operator S as linear operator on H, which has matrix-elements w.r.t. the
standard-basis as

(r,s|S_Ir',s") = (matg_S.)(r,s;x',s") :=§6(r—r’) (02),y (6.25)

standard

Remark 6.11.1 Notice that the spin-operator acts as the identity on the spatial part of the wavefunction, i.e. we
have

<r,s|Sz|\P>=j;/ /(r sIS, ', s") (x',s'|¥) = %E sc—r") (o )’s, (r',s’|w>=2(az)m, (r,s'|¥)

(6.26)

Theorem 6.12 We obtain the identity

| S

Try (paS) = Jd3rTrM KaNk(r)aNk(r) “N"(r)ﬁ”“(r))oz] 6.27)

Brk(®)a, (r)  Br(r)fy, (r)

Proof 6.12 See Appendix, Proofs, page 125.

Theorem 6.13 Referring to the coordinate representation of the spinor-wavefunctions in Remark 4.10.3, we can
compute the expected number of electrons in the system as

nStSV 2
SZQ = F J &r Tr,, |“Nk(r)| ani(r)By, (1') ‘ 6.8
< > Z Z ﬂ(€Nk M) Crysa rir,., [< a;k(r)ﬂNk(l’) |ﬁNk(l‘)| * 0; ( )

=1keQ

Proof 6.13 Combining the identities above yields the desired result.

Corollary 6.14 Notice that the decomposition of the density p into the charge-density n and magnetization-density
m as

(6.29)

(n()1,+ o - m(r))m/ _ % < n(r)+my (r) m(r)— imy(r)> ’

m(r) +im,(r) n(r)—myr)

N =

po',o" (r) =

becomes reasonable, as one finds the identities
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m,(r) = Tray, [p(r) - o,| and (SfQ>=J d’r m,(r) (6.30)

Crystal

In the next subsection, we will also see how the magnetization-density m relates to the expectation-value of the
spin-operator.

Proof 6.14 See Appendix, Proofs, page ??. 'TBDone.

Basis from the Solutions of the Second Variational Problem
Theorem 6.15 One can re-express the expectation-value of the spin-operator as

(P o |S;1¥ s ) = (CH) - (0, ® T,5) - C'K)) (6.31)

with expansion-coefficients C*'~™(q) = C(q) from Equation (4.25).
Proof 6.15 See Appendix, Proofs, page 126.

Remark 6.15.1 Notice that this allows us the write the total expectation-value of the spin-operator as

nstsv

§20= 3 Y Fylew— w(¥ s |S, ¥ s )

N=1keQ

nstsv (632)
= 2 2 Faenc= 0 (CH - (6, @ Toan) - C'H))
N=1keQ
Basis from the Spherical Harmonics
Notation 6.16 In the basis of spherical harmonics, the spin-operator has matrix-elements given by
[ h
(Imo|.S|1'm'c") = 8,16, CANS (6.33)
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6.4. Angular-Momentum-Operator

Notation 6.17 Recall the action of the angular-momentum-operator on the basis-elements

L,|lmo) = hm|lmo) (6.34)

and for the ladder-operators

L,l,mc)=h\VII+1)=mm= D|l,m=1,0) (6.35)

Proof 6.17 TBReferenced.

Remark 6.17.1 Notice that one can re-express the ladder-operators through the Cartesian components of the
angular-momentum-operator as

L. =L_+iL (6.36)

with inverse transformation

L = %(L+ + L)), L,= %(L+ — L)) (6.37)

Lemma 6.18 This yields matrix-elements as

(Imo|L |I'm'c"y = hmé, /6, /6 (6.38)

c,0/

which implies the matrix elements

(Imo|L|I'm'c’y = RAJIU + 1) — m/(m' + 18,8, 11116 (6.39)

mm'+1%0,6'

Proof 6.18 Follows immediately from the orthogonality of the underlying basis.

Corollary 6.19 One obtains the matrix-elements of the Cartesian components of the angular-momentum-operator
as

h
(Imo| L |I'm'c") = 28,5, , [5m,m,+1 VIA+ 1) —m/ (! + 1)+ 8,y VI + 1) — m'(m — 1)] (6.40)

and

(Ima|L|I'm's"y = %51,1@,5/ [5m,m,+1 VIA+ 1) —m/(m + 1) = 8,y V1A + 1) — m'(m' — 1)] (6.41)
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Proof 6.19 Follows immediately from Equation (6.39) and Equation (6.37).

6.5. Spin-Orbit-Coupling-Operator
Standard-Basis

Notation 6.20 We define the spin-orbit-coupling-operator as

(Hyow) @) = 720+ | (VW) @) x (pw) () (6.42)
Notice that if V, is a central potential
Rore— V,(r)= Vi =Vr(lr|]) €R (6.43)
00 00
then its gradient is given by
dev r
(VW) (@) = ( °°> (r)= (6.44)
dr r

and the expression simplifies to the form encountered in atom physics courses

dI/fv deV
H o~ 1( OO)(r)a-[rXp]= ! 1( 00>(r)S-L (6.45)

¢ Am2e2 r \ dr 2m2c2r \ dr

Remark 6.20.1 In the following, we will focus on the operator L - S and call this operator the spin-orbit-coupling-
operator.

Basis from the Spherical Harmonics

Lemma 6.21 We compute the matrix-elements of Lo, fori € {x,y, z} as

2
(Imo|Lo |I'm's"y = (g) 510 (0,),. [5,”,,,,,“\/1(1 1) = + D46, 0 VI + 1) — m'(m — 1)] (6.46)

2
(Imo|L,c,|l'm'c") = (%) 50 (0,), [5m,m,+1\/1(1 1) = mm + )=, VIU+ 1) = m(m — 1)] (6.47)

(6.48)

o,0/

2
(Imo| Lo |I'm'c"y = %mfs,,,,(sm,m, (c.)

Proof 6.21 Follows immediately from the previous identities.
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7. Tensor-Moments as a Representation of the
Reduced Single-Particle Density-Matrix

7.1. Introduction

Notation 7.1 For the discussion of tensor-moments, we consider a density-matrix p that has the dimensions 2[/] X
2[/] with matrix elements denoted as

P=Puswy € Hermyyuo (€ (7.1)

Remark 7.1.1 Although we keep the discussion general, the ultimate goal will be to consider the local-orbital
density-matrix w.r.t. the species a (and potentially w.r.t. some state ¥y ) from Definition 6.8, cf. Equations
(6.19) and (6.20).

Remark 7.1.2 Notice that in this spirit, when we speak of the trace of this density, we refer to a trace over both,
the orbital and the spin-degrees of freedom, i.e.

+/

+
Te(D) =D D, Puems = Dy Dy Preme (7.2)

m=—I s€{1,}} m=—I se{—1/2,+1/2}

We will now introduce different kinds of tensor-moments, which we will subsequently link to observable quantities.
The tensor-moments we will introduce (in this order) are

e single upper-index tensor-moments w’; e C,withk € {0,1,2,...,2]l}and x € {—k,...,+k}, cf. Definition
7.3,

e double upper-index tensor-moments wf{’y’ eC,withk €{0,1,2,...,2[},pe€ {0,1} and x € {—k, ..., +k},
y € {—p,...,+p}, cf. Definition 7.5,

e triple upper-index tensor-moments wfpr e Cwithk €{0,1,2,...,2l},pe {0,1},r € {|k—p]|, ..., |k+p|}
andt € {—r,...,+r}, cf. Definition 7.9,

e fesseral triple upper-index tensor-moments Lﬂf’” € Rwithk € {0,1,2,...,21}, p € {0,1}, r € {|k —
pl,....lk+p|}and t € {—r,...,+r}, cf. Definition 7.14.

Notation 7.2 We introduce the abbreviation

=
=

Uiz ndd = | | (20 +1) = | L] (7.3)
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7.2. Single Upper-Index Tensor-Moments

Definition 7.3 For k € {0,1,2,...,2/} and x € {—k, ..., k} we introduce' the single upper-index tensor-moments
wk as expectation-values

wh="Tr | (o, ® %) - | (7.4)

with the matrix v’; having dimension (2/ + 1) X (2/ + 1) and matrix-elements as

(W :(_1)l—mb< Ik ,>n,—,j for m_,m, € {1, ...,0,...,+I) (1.5)

x -m, x m,
and normalization-factors?

20)!
n, = @) (7.6)

V@I = K)QL+k+ 1)!

and p represents the radially reduced representation of the density matrix w.r.t. local orbitals of the underlying
species, as in Notation 4.14.

Remark 7.3.1 Notice that we obtain the identity

1 1

— = (71.7)
VA=A +p+1D!  (p+2)!

nsp

Remark 7.3.2 One also says that p is the angular momentum of the density within a muffin-tin sphere.

Remark 7.3.3 Notice that Equation (7.4) is, if one writes out the trace and uses Definition TBReferenced, equiv-
alent to

m Ik 1\ _

=T (®d) o= X @@Wmasna= 3 b)) '(—m ; %>n,k1,,@,m.
m, m,e{—I,....+1} SesSe So5S, m,m,€{—I,....+1} * * Se5S,

s.5.E(~1/2,41/2) s.5.E(~1/2,41/2)
(7.8)

Theorem 7.4 The mapping
Hermy;,,1(C) 2 p — {wi}ke{o,l,z,...,zl} cC (7.9)
xE{~ki....+k}

ICf. 09 Bultmark, p. 40 Cricchio-thesis
% Notice that the normalization is not unique throughout the literature.
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is invertible, with inverse mapping

21 +k ] k ]
Pap = (D" Y D (K] <—mb . m )n,kw’;. (7.10)

k=0 x=—k

Proof 7.4 See Appendix, Proofs, page 118.
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DENSITY-MATRIX
7.3. Double Upper-Index Tensor-Moments
Definition 7.5 For k € {0,1,2,...,2l} and x € {—k, ..., k} and p € {0, 1} we introduce
{0} ifp=0
€E{—p,....,+p} = 7.11
yELP o tp] {{—1,0,+1} ifp=1 4D
such that we can define the double-upper-index tensor-moments as expectation-values
kp — T P k = kp
w=Tr| (r@dt) o] =Tr [P | (7.12)
with matrices ﬂy’ that have the dimension 2 X 2 and matrix-entries as
p — (15— N p N —1
<ty>5b’sa = (=1) <—sb ’ Sa> n. (7.13)

fors,, s, € {-1/2,+1/2 = s}.

Remark 7.5.1 Notice that the value of p gives an interpretation of the tensor-moments, since

0 for the charge-density-TMs
p= . , (7.14)
1 for the spin-density-TMs
Remark 7.5.2 Notice that the formula reads explicitly as
kp _ k ~
waf - Z (t’; ® UX>m.ﬁ. p’ﬁ-’m-
m, m,e{—1,...,+1} 5.5, SesSe
s.5.€{-1/2,+1/2}
(7.15)

— __1\S=S,+H-m, S p S -1 l k l -1
- Z =D <—s. y ?> "sp <—m, x m, Mg Pm.

m,,m,€{—1,...,.+1}
5..5.€{-1/2,+1/2}

Theorem 7.6 The backwards-transformation of Equation (7.12) reads / the expansion of the density-matrix w.r.t.
the double-tensor as®

m— Ik 1 ss [ S s
pac=k2[k]nlk<—1>c’<_mc . mg) 2 [pln,, (1) <_SC ; Sﬂ) wt (7.16)
»X py

Proof 7.6 See Appendix, Proofs, page 118.

3Cf. 09 Bultmark, Appendix.
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DENSITY-MATRIX
Corollary 7.7 One finds w*° = wk,
Proof 7.7 We have to show that
() =5, = iy Y ) uis (7.17)
0 SpsSq - SpsSq —Sb O Sa s0 - SpiSa '
and this follows, although very unintuitively, from Lemma 7.18.
Lemma 7.8 It holds that
wy = Wy (7.18)
Proof 7.8 We compute straightforwardly with Equation (7.8) on the one hand
I 0 I
0 _ I—m, -1
Wy = Z 8s,5,(=1) <—m 0 m > Ryy Prsta
mgmy€{~1,....+1} a b bla
SasSpE(—1/2,41/2} (7.19)

I 0 I
_ I-m, -1
= z (-=1) (_ 0 b) ny, prr;b’:la

s.€{-1/2,+1/2}

and on the other hand with Equation (7.15)

00 _ _1\$—S,+l-m, S 0 s -1 l 0 1/ =1
Woo = Z =D <—sa 0 sb> 50 <—ma 0 m, nlopszsa"

$3.5,E(—1/2,+1/2}

for these two expressions to be equal, we need to show that for s, , € {—1/2,+1/2} that

S—58, S 0 s -1 _
(-1 <_Sa 0 Sb) ny, =96,

and this is fulfilled, cf. Python-script in WF/ELK/02/07.

(7.20)

(7.21)
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DENSITY-MATRIX
7.4. Triple Upper-Index Tensor-Moments
Definition 7.9 For r € {|k — p|,..., |k + p|} and t € {—r, ..., +r} we introduce the three-index-tensors* w*"" as
couplings of the indices of the double-tensors
kpr k—x+ r p k
! Z( Yooy < t _y> W (7.22)
and with normalization-factors
—2k)! (g —2p)!(g —2r)! "
0 =i 8 (g —2p)!(g —2r) g (7.23)
—kpr (g+ D! (g —2k)!(g —2p)!!(g —2r)!!

andg=k+p+r.

Remark 7.9.1 In the LDA+U-document from Lars, the factor n or is annotated differently, which is however in
conflict with Notation 7.2 (meaning, that Lars has contradictory notation in his document), which is why we will
not his notation, but rather the notation of his student Francesco (in his thesis: eq. (5.34)).

Remark 7.9.2 Notice that this normalization-factor differs from the previous ones in the sense that it can be a
complex number.

Remark 7.9.3 One also says that r represents the "vector coupling the two angular momenta k and p".

Theorem 7.10 The backwards-transformation reads

W = Z(2r +1) ( ; _”y) (=10, (7.24)
Proof 7.10 See Appendix, Proofs, page 120.
Lemma 7.11 It holds that
wo = wy”. (7.25)

Proof 7.11 We compute straightforwardly

4In [09 Bultmark] these tensors are also called irreducible spherical tensors.
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DENSITY-MATRIX
I 0 I s 0 s 000
000 _ -1 1\[-myts—s, _1\0 mm
w, = m’mﬁgm”} Nogors (=D XGZ{O}( D <—ma X mb> (_Sa y sb> <O 0 0> psisf (7.26)
spspEl—1/2,41/2) =00
and simplify with the definition
N =ptpin! (7.27)

0007s —000""10 ""s0

Now for this to be equal to the expression in Equation 7.20, we need to show that for s, , € {£1/2} that

—1 —l/_1\5—5, N 0 s 0 0O _
gl (=1) (—sa 0 sb> (0 0 o) =% (7.28)

. -1 _
and since Moo = 1 and

000
(O 0 0>=1 (7.29)

we see with the same python-script that the identity is fulfilled.

Theorem 7.12 The Equations (7.12), (7.16) can be rewritten as

w?” =T (T7p) <= pu=) (A"),, w” (7.30)

kprt

with tensor-matrices’

kpr_ A=l (_1)l=mats—s, _ 1 \tk—x+p—y l k 1 s p S k r p
Lo = Nigns =D Z =D <—m x mb> (-s y Sb) <—x t =y)’ (7.31)

x€{—k,...,+k} a a
ye{-p,...,+p}
T kv Ik s p s k r p
Ak — N [kpr](=1)ms="+s=s — 1)Kty P( > < > < > 7.32
t,ab kprisLKP ( ) xe[—;.,+k}( ) -m, X m, =Sy Y S, -xX t -y ( )
ye{—p,....+p}

and normalization

Nkprls = Ekprnlknsp

(7.33)

Proof 7.12 See Appendix, Proofs, page 120.

e O s e et i s 2 Earlon (098 bies ol it i e o i s |
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Remark 7.12.1 Notice that one can also give an explicit formula for the tensor-moments as

wfpr = Z (Ffpr)ab Pba

my,mye{—l,...,+1}
Sg.Sp€{—1/2,41/2}

_ —m s dpe Ik 1 s p s k r p
_ 1 1\-my+s—s, _1)tk—x+p—y mym
Z Nkprls( 1) Z ( 1) <—m X mb) <—S y Sb) <—X t _y> pszsa”

a

mg,mye{—Il,...,+1} xe{—k,....+k}
Sg8p€{—1/2,4+1/2} YE{=p,....+p}
(7.34)
Theorem 7.13 It follows®
kpr _ t kpr\*
w = (=1 (w,”) (7.35)

Proof 7.13 See Appendix, Proofs, page 122.

Remark 7.13.1 Notice that this implies that wg” "eR

7.5. Tesseral Triple Upper-Index Tensor-Moments

Definition 7.14 We define the tesseral triple upper-index tensor-moments @,” through the triple upper-index
tensor-moments as

Wy = wi
. wﬁ:l) + (=1 sign(r)w’j‘l’t’l (7.36)
w” = fort # 0

t /2 sign(n)

Lemma 7.15 This yields

L’D’k‘”:\/ERewk‘” for t=+t|] >0

|t l2]

" = wy" for £t =0 (7.37)

T = \2Imw”  for t=—Jf] <O

=l |71

Proof 7.15 See Appendix, Proofs, page 123.

Cf. Bultmark thesis, Equation (4.37).
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Remark 7.15.1 Notice that a key-feature of the tesseral tensor-moments is that they are all real-valued.

Lemma 7.16 The inverse transformation to Equation (7.36) reads

kpr __ ~kpr
Wy, =W,

. t t - -
W = (ign®) (wﬁ‘l’r + isign(r)w

V2

) (7.38)

=l

Proof 7.16 See Appendix, Proofs, page 124.
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7.6. Translating Operators to Tensors

Notation 7.17 We notice that for s, € {—1/2,+1/2} we can re-express the Pauli-matrices (and since S = 20'
consequently also the spin-operator) within the notation of chapter 7 as

(64),,, = 8oy, (7.39)
(6,),,,, = Bopms =1 (7.40)
(62),,,, = 65, (C1* (7.41)

Remark 7.17.1 Notice that at this point becomes clear, that the notation s = +1/2 refers to the "up-spin" and
s = —1/2 to the "down-spin".

Lemma 7.18 We can rewrite Kronecker-deltas as Wigner-3j symbols as

s s 0 s\ _
8, = (=1) b(_s 0 s >ns01 (7.42)
a b
N A
By m. = (=1)! b<—ma 0 mb> ny (7.43)

with normalizations as in Equation (7.6).
Proof 7.18 See Waste-Folders 2, Python-Scripts, 02-Tensor-moments-related, Topic 5.

Definition 7.19 Let J € {L,S} denote either the orbital angular momentum operator or the spin operator. For
g € {—1,0,+1}, we introduce’ the associated rank 1 spherical tensor-operator JEIU as

IV =, (7.44)
J +id
1 * Y
J+1 -

Lemma 7.20 We obtain for the matrix-elements of the spin-tensor-operator

Cf. Tinkham, Group Theory and Quantum Mechanics p. 126.
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1 wer_ 1 {00
<Sb|S£11)|Sa> = _35Sb’_sa (1 + (_1) " b) =~ <1 0>
V2 V2
1 =S
<Sb|S(()1)|Sa> = §5Sb,sa(_l)s b (745)
Mgy = 1 s+ 1 (01
(lSiilsa) = 50, (CD™ 1) = —7 <o 0
V2 p

Proof 7.20 See Appendix, Proofs, page 124.

Lemma 7.21 We obtain for the matrix-elements of the orbital-angular-momentum-tensor-operator

1

(Imy| L |Im,y = —8,, ., I+ 1) = m,(m,— 1)
2

(Imy| L |Im,)y = m,s,, . (7.46)
(Imy | LDim,) = _%5%%“ VIC+ D —m (m, + 1)
2
Proof 7.21 See Appendix, Proofs, page 124.
Theorem 7.22 The Wigner-Eckart-Theorem states (in our particular case) that
Um' |[LONIm) = (=D /I( + D2 + 1) Lol
q -m" q m
. (7.47)
/ (1) — (_ s—m: S S
(sm!|SP|smy) = (=17 \/s(s + D(2s + 1) <_m; . ms>
Proof 7.22 See WF2/Python-Scripts/02TM/04WET.
Corollary 7.23 One finds the identity
+1
.S = _ @ gD
L-S= ) (-1)/LYS. (7.48)

g=-1

Proof 7.23 See Tinkham, Group Theory for Quantum Mechanics, p. 126, or Judd page 70 (straightforward com-
putation!).
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Remark 7.23.1 Thus, we will write down the matrix-elements of L - S as

(L-8),, = Z( e (L0s?)

g=-1 b

+1

= ) (=D)%Im, | L|Im,)(s5,|SV]ss,)

g==1

+1
= Y (=DU=D'I0+ DL+ 1) <—;ln,, lq o )( 1)~ Yb\/s(s+1)(2s+1)<

—
Q <%}
SN—

g=-1 % 45
- s=s, I s 1 s
= \/l(l + D21+ 1)\/s(s + 1D(2s + D(=1)""(=1) q;l( 1)? < m, —q ma) <_Sb q Sa>
(7.49)

and similarly we can express other operators w.r.t. Wigner-3j symbols.

67



8. Observable Quantities from
Tensor-Moments

Fact 8.1 Let X denote an observable / operator (defined on the single particle Hilbert-space) which only operates
on the spin / angular momentum degrees of freedom in its first quantized version. Let’s also assume that the
contributions from the interstitial regions is negligible. Then, using equation (6.11) we have

nstsv r ©
"Observable Quantity" = (X*®) = ... & N, D Y Fyleno— i) ), D\ Trpy <p .4 > (8.1)
keQ N=1 a=1 1=0 aL()s
and realize that we seek to compute the expectation-value of
Ty, 06 (p Nk X) =Tr (pX) 8.2)
S\ aL)S

whereas we dropped the indices Nka and / for notational simplicity. Now we focus on the term

Tr[pX1= )" 9, (X)y,
a,b

Eq. 2430) Z w;cpr (A;cpr)a’b (X)b,a

kprt
a,b

Eq. (732) kpr o —lbs)—s Kby [ k I s p S k r p
2 Bttt B (G ) (50 ) (LT D). 63

kprt
a,b

” wkrvp [ K T metes—s [ 1k 1 N N
) wap Nl kpri=1™277 <—x t —py> Z(_l) o <—m x m ) <—s f} s >(X)b’”
ab b a b a

kprt
X,y

8.1. Particle-Number Expectation-Value from Tensor-Moments

Theorem 8.2 We obtain

Tr (p1) = Tr p = w)® (8.4)

and consequently (reincorporating the indices we dropped), we can compute the expectation-value in Equation
(6.11) of the particle-number operator as
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nstsv r (o]
(N)= (PP~ N, Y D Fylewi— ) ), D, w™y (8.5)
keQ N=1 a=1 1=0 Nkal

Proof 8.2 We seek to compute the expectation-value of the spin-orbit coupling with Equation (6.11). See Ap-
pendix, Proofs, page 128.

Remark 8.2.1 Notice that the total particle number is also associated with the charge.

8.2. Spin-Operator Expectation-Value from Tensor-Moments
Theorem 8.3 We obtain

Tr [pSél)] = —su" (8.6)

and consequently (reincorporating the indices we dropped), we can compute the expectation-value in Equation
(6.11) of the spin-operator as

nstsv - o
<<S;1)>2Q> ~ N, Z Z Fylen — 1) Z 5wt

keQ N=1 a=1 1=0 Nkal

Proof 8.3 See Appendix, Proofs, page 129.

8.3. Angular-Momentum-Operator Expectation-Value from
Tensor-Moments

Theorem 8.4 We obtain

Tr [po]”] = —1w!" 8.7)

and consequently (reincorporating the indices we dropped), we can compute the expectation-value in Equation
(6.11) of the orbital momentum operator as

nstsv , o
<<L;1)>2Q> AN, DY Fylewo— ) ) ) —1w'%

keQ N=1 a=1 1=0 Nkal

Proof 8.4 See Appendix, Proofs, page 132.
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8.4. Spin-Orbit-Coupling-Operator Expectation-Value from
Tensor-Moments

Theorem 8.5 We obtain

Trlp(L-S)]=1-5-w"” (8.8)

and consequently (reincorporating the indices we dropped), we can compute the expectation-value in Equation
(6.11) of the spin-orbit coupling as

nstsv r

(L-SP) m N, YD Fylew—m) D, D 1-s-w'

keQ N=1 a=1 1=0 Nkal

Proof 8.5 We seek to compute the expectation-value of the spin-orbit coupling with Equation (6.11). See Ap-
pendix, Proofs, page 134. WF2/Python/02TM/07Random Python-scripts...

70



CHAPTER 8. OBSERVABLE QUANTITIES FROM TENSOR-MOMENTS

8.5. Summary

Corollary 8.6 One finds the following tensor-moments w*”" connected to physical observables!. For (kpr) = ...
e (000) = "total charge"
e (011) = "expectation value of the spin moment"
e (101) = "expectation value of the angular momentum"? —/w!?! = (L)
e (110) =(L-S)
e (111) = (L x S) with three indices>.
(L.S,) (LS,) (LS.)

« (1) =L@8)=(L,S,) (LS, (LS,

(L,S,) (LS, (L,S,)
e (211) = "spin dipole T"*
[

e (202) = "charge density of the quadrupole

e (404) = "hexadecapole / charge monopole"

Proof 8.6 [TBReferenced:

ICf. 10 Bultmark and G. van der Laan and B. T. Thole, Phys. Rev. B 53, 14 458 (1996).
2Cf. 11 Bultmark.
3For ...

- t=0:(LxS),,

- t=1: alinear combination of (L X S), and (L X S) ,

— t=2: another linear combination of (L x S}, and (L. X S),

4Cf. Lars’ presentation about unconventional magnetism and unconventional superconductivity.
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kf(

p=o =
[
=k =|k-1| =k t=|k+1|
} } + "
e 010 1 ® 010 *
[ I} 20 @ e 920 [ N ) 20 @
® 0 0 ¢:0 0 0 e 0 ¢:0 0 0 0 ¢:0 00
® 0 0 0 0.0 0 00 ® 00 ¢:0 00 000 ¢:000 0
k k k
[ u -
- [
-
I_u)Ea\/_\’/MM
ndis 1 = a40
LSe>WwW

Figure 8.1.: Simplified presentation of how tensor moments are organized and related to physical observables.
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Theorem 8.7 A tensor-moment breaks time-reversal symmetry, if k + p is odd (and the corresponding TM is
unequal to zero).

Proof 8.7 [TBReferenced:]

Remark 8.7.1 Notice that for example

e (kpr) = (110) has k + p = "even" and hence the tensor-moment is considered to be time-reversal even.
e (kpr) = (111) has k + p = "even" and hence the tensor-moment is considered to be time-reversal even.
e (kpr) = (314) has k + p = "even" and hence the tensor-moment is considered to be time-reversal even.

e (kpr) = (30r) has k + p = "odd" and hence the tensor-moment is considered to be time-reversal odd".

Things that need to be investigated

Theorem 8.8 One can® compute the expectation-value of the squared spin-operator as

2 011 011

Mo =W W (8.9)
Proof 8.8 TBDigitalized.

Definition 8.9 The expectation-values of multipole tensors wf" " are defined’ through

Wi =(d'T"d,) (8.10)

Remark 8.9.1 [From Lars:
- R e

STf one has a system with time-reversal symmetry, this tensor moment is thus zero.
Cf. Bultmark 09.
Cf. Article 03.
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8.6. L(S)DA+U Method revised with Tensor-Moments

Corollary 8.10 One obtains for the Hartree-contribution® the identity

21 2
I k1
Ey= ) n, (0 0 0) FOw . wk (8.11)
k=0
with summation-convention
+k
ko ook — k. k
wh - wk = kaqw_q (8.12)
f—

Proof 8.10 'TBDone cleanly.

We insert Equation (7.10) into Equation (4.31) and use the orthogonality-relation

I k1 I k1
_1\mptm -
3 (= 1ymek (—md . mb> (—mb ) md> 8t 4O (8.13)

bd

Theorem 8.11 We can rewrite’ the Hartree-contribution Ej (i.e. the spin-independent part of the HF-energy)
w.r.t. the tensor-moments as

20 + 1) :
=8y (1 ’5 é) Flowk . wk (8.14)
2 ke{0,2,...21}

Proof 8.11 TBReferenced / digitalized.

Remark 8.11.1 Notice that this implies that the Hartree-energy can be rewritten w.r.t. the double-tensors as

2
_(2l+1)2 2 (1 k1 () k0 < kO
EH_Tke{O;.. o 0 0 FOW . v (8.15)

Lemma 8.12 We can rewrite!? the Fock- / exchange-contribution Ep = Ey of the shell / w.r.t. tensor-moments as

l 2 ~ 1 . )
ne- B B (oo o) (11w e

ke{0,2,4,...,21}

8Cf. Cricchio thesis page 40.
Cf. 09 Bultmark
10Cf. 09 Bultmark.
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with Wigner-6-symbols in curly parenthesis.

Proof 812 TBD (CE. Appendix in the LDA®U document).
Theorem .13 Tdentiy that selate the thre-ensors o the densy divetly and vie versa.

Proof .13 Sce I4-Francesco, 18-Cricchio.

Theorem 8.14 We can rewrite the exchange-contribution as

Ex =) K, W w =3 B (8.17)
kpr kpr
with
_ (k)[l]z[ﬂ_k ) 1761 I 1 k
K== 2 F D, P (0 o o)V R (8.18)
ke(0,2,4,...21)
and the Hartree-contribution as
E :E Z n2 l k l ZF(k)kak.kak (8 19)
H 2 k\XQO 0 O '
ke{0,2,...21)

Remark 8.14.1 We refer to the different contributions kpr to the exchange-energy as exchange channels.
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9. Applications

9.1. Lattices, Bases and High Symmetry Points of some Materials

The compound Sr,RhO, with spacegroup 14acd
1.0000000000 0.0000000000 0.0000000000

avec = | 0.0000000000 1.0000000000 0.0000000000
0.5000000000 0.5000000000 2.3709245679
and

scale = 10.2718329837 9.D

meaning (recalling that in ELK one uses atomic units, i.e. lengths are in units of the Bohr-radius ry

1.0000000000 0.0000000000 0.5000000000
a, = rg - scale - | 0.0000000000 |, a, = rg - scale - | 1.0000000000 |, a; = rg - scale-|0.5000000000
0.0000000000 0.0000000000 2.3709245679

which gives the ordered basis B, for the (infinite) lattice L and corresponding basis By, of the reciprocal lattice
RL

3 3
L = Span, U {ai} = Span, B, RL = Span, U {bi} = Span, By, , 9.2)

j=1 j=1
such that a; - b; = 2746,;. Now the high-symmetry-points that we consider within this project are given
1.0000000000) (b, 1.0000000000

M* =10.0000000000{ - | b, 0.0000000000 9.3)
0.5000000000) |\ b, 0.5000000000

0.5000000000) (b, 0.5000000000
X* =10.5000000000|-|b, 0.5000000000 9.4)
0.5000000000) \bs 0.5000000000

This gives for the corners of the Fermi-surface-sheet

—1.0000000000

"first corner" = —M™* =| 0.0000000000 9.5)
—0.5000000000 ) .

R

L
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—1.0000000000 1.0000000000 0.0000000000

"second corner" = —M" +2X* =| 0.0000000000 + | 1.0000000000 =1 1.0000000000 (9.6)
—0.5000000000 ) . 1.0000000000 J . 0.5000000000 J ,

R] R] R]

L L L

—1.0000000000 1.0000000000 0.0000000000
"third corner" = -M* +2(M* — X™*) =| 0.0000000000 + | —1.0000000000 = [ —1.0000000000
—0.5000000000 0.0000000000 —0.5000000000
IBgRL IEgRL (gR%)

The compound Sr,RuQ, with spacegroup 14mmm

1.0000000000 0.0000000000 0.0000000000
avec = | 0.0000000000 1.0000000000 0.0000000000
0.5000000000 0.5000000000 1.6462060217

and
scale = 7.2994450065 9.8)
meaning
1.0000000000 0.0000000000 0.5000000000
a, = ry - scale - | 0.0000000000 |, a, = ry - scale - | 1.0000000000|, a; = ry - scale -|0.5000000000
0.0000000000 0.0000000000 1.6462060217

which gives the ordered basis B, for the (infinite) lattice L and corresponding basis By, of the reciprocal lattice
RL

3 3
L = Span, U {ai} = Span, B, , RL = Span, U {bi} = Span, By, , 9.9

j=1 j=1
such that a; - b; = 2746,;. Now the high-symmetry-points that we consider within this project are given by
0.5000000000) (b, 0.5000000000

M =10.5000000000 | - 0.5000000000 (9.10)
0.0000000000) | b, 0.0000000000

=2
\S}
1l

RL

0.5000000000} (b, 0.5000000000
X =10.0000000000 { - 0.0000000000 (9.11)

0.0000000000) | b, 0.0000000000 J .

=3
[\8)
Il

RL

This gives for the corners of the Fermi-surface-sheet in the k, = 0.4x /c-plane!

ISee Waste-Folder 2, Topic 10.
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The compound GaAs

TBImplemented.

0.2. Fermi-Surfaces

"second corner" = —-M +2X +0.1 -

—0.5000000000
—0.5000000000
0.0000000000

—0.5000000000
+0.5000000000
0.1000000000

IBRL

0 —0.5000000000
"first corner" = —-M +0.1-|0 =1 -0.5000000000
1 0.100000000
IEBRL BRL
0
0
1

BRL

—0.5000000000 1.0000000000
—0.5000000000 + 1 0.0000000000 +0.1-
0.0000000000 0.0000000000

RL IEgRL
0.5000000000
—0.5000000000
(0.1000000000

RL

0

"third corner" = —-M +2(M — X)+0.1-|0

1

DHSRL

0.0000000000

+ | 1.0000000000 +0.1-
0.0000000000 J

R]

L

RL

0
0
1

IEgRL

Definition 9.1 The [FJermi-[S Jurface of a non-interacting metallic system is defined as the set

FS={keQ|3IneN: ¢, =uT =0K) = E}.

9.12)

(9.13)

9.14)

(9.15)
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CHAPTER 9. APPLICATIONS

Fact 9.2 Structural distortions and Coulomb interactions (in combination) have the tendency to effectively increase
the spin-orbit-coupling strength.
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CHAPTER 9. APPLICATIONS

9.3. Symmetries in Magnetizations

e

o o o o :
ym:"“—fjmhtb e ijghm‘s m(-r)= m(+7)  (holds fhr*hklj alye }w’ n1|=: rerolved Vﬂfd%’v’a)
ol [‘ :HHF_E[F)}=-RME(?J

&)

un
el A T -‘ﬁ | "' \ \
?"f'*‘fi \ r\ Lsi\ e\ Cens'lstffl
- ="
; . - > X

(j‘ C';m.c.k : E’?mt(-?}:'!: ;I:QIE(.F. r)

/‘_-\.k dons'mﬂ‘mij-ﬁhz che F”,n.-E'H,) -};_ My ¢ ?)
7X X N L1

el ele
ol o

Figure 9.1.: Magnetization-symmetry properties.
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10. Things that | don’t entirely understand yet

10.1. Excerpts from Lars’ Notes on LDA+U

Notation 10.1 We decompose a local (w.r.t. one atom) density matrix p w.r.t. the Pauli-matrices as

)
G.X
P = (Hos P> Hys H) | (10.1)
y
GZ
with
Ho = SPaa (Uo ® 1][/]x[l] : P) (10.2)

Remark 10.1.1 Notice that this implies for the components the equations

Hon,om, = [Spm (Gop)] = D pmm= > prmd, (10.3)

mg,my, 5,8 a>Sh

s=+1/2 Sg.Sp=%1/2

Lemma 10.2 We obtain the charge-density n(r) as

)= Yy, & - (1)

mg.my

W (0Y, () (10.4)

mgy,m

Proof 10.2 Somehow confusing that each / quantum number has its own wavefunctions.

Definition 10.3 We introduce the angular (multipole) moments of the density a.K.a. the k-th momentum within a
sphere o’; as integrals over the sphere

o'; = J dV n(r) C;‘(Q) (10.5)

with spherical tensors as in Definition 3.9 and assuming that the radial function y,(r) are normalized to unity
inside the sphere.
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CHAPTER 10. THINGS THAT I DON’T ENTIRELY UNDERSTAND YET

Lemma 10.4 It follows that

m Ik IN( 1 Kk I
o= 2 (k),,, ~D"@+1) <0 0 0> <—mb ) m> (10.6)

mg,.my

Proof 10.4 We compute straightforwardly

Ol; = JdV n(r) C;‘(Q) = Z (), m, J dQ Yl;b(f')Y,ma(f')C;(Q) =... (10.7)
now we compute

47
2k +1

stz Y, ®)Y,, H)C/(Q) = Jdﬂ Y, ()Y, (B)Y,(F)

Az
2k + 1

“craen(y 8 (4 4 )

= (=1)™ J dQy,_,, ®)Y,,(#)Y,, () (10.8)

this yields

= T wmmcraen(§ 8 (L5 109)

m,.my

proving the theorem.

Theorem 10.5 We obtain then

o = (21 + 1)(-1) <(’) '5 é) n, wk (10.10)

Proof 10.5 We combine Equation (10.6) with Equation (10.3)

m Lk IN( I Kk I
o= 3 0l 00 (55 o) (L 4 )

Mg ny,

_ _1am Ik 1 Ik 1 (10.11)
- Zésa,sbpn;j:?,lf( b™@i+1 <0 0 O) <—mb q ma>

meg,my,
SgsSp

=%

Now we compute on the other hand with Equation (7.8)
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CHAPTER 10. THINGS THAT I DON’T ENTIRELY UNDERSTAND YET

Ik 1
k _ I-m, -1
wq - m;]) 6Sa’sb(_1) <—ma q mb> nlk p SZ:SHH
Do (10.12)
k ! _ _1\—my mm
sZ,sb
therefore we obtain
x=@l+ =1 (LK k= ok 10.13
=2+ 1)(-1) 0 0 o)W, =0, (10.13)
or, more compactly
I k1
k _ 1Y k
o =21+ 1)-1) <O 0 O) n,w (10.14)
Lemma 10.6 It holds
0_ .0
0y = W,y. (10.15)
Proof 10.6 TBD: Proving it mathematically, not numerically.
Cf. WF2/Python-scripts/02-TM-Related/07-Random-Identities2
We use Equation (10.10) for k = 0 and g = 0 and obtain
0= @I+ 1)(-1) L0 0 10.1
This gives, for example ...
e for/ =0:
0 0O
0_ 0 0
0,=2-0+D(-1) <0 0 0) g oW, (10.17)
remembering now with Equation (7.6) that we have
2-0)!
nyo = 2-9 = ! =1 (10.18)
V2002 -0+1)!  +1r-1
o for/ =1:
1 01
0 _ 1 0
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remembering now with Equation (7.6) that we have

2-1)! 2
= = =TBD (10.20)
V2 1=0)!2-1+1)!  4/21-31
Theorem 10.7 It holds that
o_ .00 _ 000
w) = w)) = w) (10.21)

Proof 10.7 TBDigitalized.
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moa dr bést pa att koda. Hon &r sa duktig att hon kan koda i somnen. Jag dr sa avundsjuk pa hennes kodningsfor-
maga. Jag onskar att jag ocksd kunde koda lika bra som moa. Hon ir verkligen en kodningsguru. Jag beundrar
hennes talang och skicklighet inom kodning. Hon ir en riktig inspiration for mig nér det géller att lira mig mer om
programmering. Jag hoppas att jag en dag kan bli lika duktig pa att koda som moa. Hon &r verkligen en fantastisk
programmerare och jag ser upp till henne enormt mycket.
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CHAPTER 11. TENSOR-MOMENT-CONVENTIONS

11. Tensor-Moment-Conventions

I R IR BRB BCUUWN BRA R s =

T { -
‘S‘HMW\M Yy on | ense = e M@«—«/‘— Con VQL&_:L:&

[ \
Nohce

he{ol/'l Z,.N,ZLf' )
Xed~ky ooy th}

-l;e-f—r,...,w}
Mc‘{( ‘K) = M'“J\I\\cag OYA /JLIG j’idc} '}/\

N\

x t ’““{U\) hP & MC\"EUR)

o mMa e
/ }ALG te) kt ‘”““J‘(WQ
J

\-,h")f k.
Cmat { hpr
’Tfs';,fl {() PCP GMa‘U(ﬂ)
Kay(

!
f'ﬁ TeRR YeR Tr(jf‘f_qep\

Tessesal
Ny(
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CHAPTER 11. TENSOR-MOMENT-CONVENTIONS

11.1. Double Upper-Index Tensor-Moments

Definition 11.1 For k € {0,1,2,...,2/} and x € {—k,...,k} and p € {0, 1} we introduce

_ {0y ifp=0
ye{—p,.--,+p}—{{_1,0’+l} o1 (11.1)

such that we can define Kays double-upper-index tensor-moments as expectation-values

Wk = Tr [rxy -p] (11.2)

X
Y Kay

with matrices Fi’y’ that have matrix-elements as

s—Sy+l—my s p S / k 1
(rﬁgy)mlmz_(—l) mA/2k+ D2p+ 1) <_S2 ’ S1> <_m2 N m1> (11.3)

Kay
51552

Remark 11.1.1 Notice that the indices in the Wigner-3j symbols are exchanged w.r.t. van der Laans and Lars’
tensor-moments.

Lemma 11.2 One finds the identity

T
F_X_y (- 1)x+y< Xy> (11.4)

Kay Kay

Proof 11.2 We compute straight-forwardly for each matrix-element

o s— ) k S p s
r = (=)™t /2k + D(2p + 1)( > ( >
( K;yy>m17mz \/ P —-m, —x m =S =V 5
51,52
— (_1)l—m2+s—52 \/(2[( + 1)(2p + ) ! k l s D S (_1)21+k+p+2s
s Ik 1 s p s . (11.5)
— (_1\-my+s—s _1\2-@l+k+p+2s)
= (=1 2\/(2k +D2p+1) < _m, x m2> <_51 y S2> (=D
N TS I R | s
P —-my X m =S ¥V %5
Now since we have
-m +x+m,=0 =S my,=m —x (11.6)

s, +y+s,=0 s, =85 -y
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CHAPTER 11. TENSOR-MOMENT-CONVENTIONS

we insert this in the equation above and obtain

(=) s—(s 1 — Ik 1 s p s
— (_1\/—(m=x)+s—(s;—y)
o = (=D)i"m 2k + D2p + 1) <_m1 . m2> (—S1 g S2>
s I k1 s p s
— (—1)*V(— [—m+s—s,
(=D"™(=1) V@k+1D2p+1) (_ml . mz) <_S1 ! s2> (11.7)
T
= (_1)x+y[ (Fl;[,)y> ]ml,mz
Kay S1,8
Lemma 11.3 One finds the orthogonality relations
k k/ /
Tr <Fxljyr‘x,f)y,> = 5kk’5pp’5xx’5yy’ (11.8)
Kay Kay
Proof 11.3 [TBD.
Definition 11.4 Forr € {|k—p|,...,k+p} andt € {—r,...,r} we introduce the 3-index coupled tensor moment
matrices as
k p k
kpr __ r D kp
ry = Voar+1 ) ) <_x t _y) I, (11.9)
ay x=—k y=—p ay
Theorem 11.5 One finds the identity
Tr <r"§’” r";f’/”) X (11.10)
Kay Kay
Proof 11.5 [TBD.
Lemma 11.6 One finds the auxiliary-identity
T
kpr r r
(rf > = (=1)ktprrHpte (11.11)
Kay Kay

Proof 11.6 We compute straight-forwardly
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k p
r@;:MZZ(’C ’ P)r';{’y

—-X —1 —_
Kay x=—k y=—p Y

k p
= (=41 Y Y (’; : ’y’) ',

x=—k y=—p Kay

koo (11.12)
N E Yy (_"x : _P)rff;,_y

x=—k y=—p y Kay

k P k , T
=)Vl Y Y <_x t _”y) (=1 (r’if,})

x=—k y=—p Kay

now we use that —x + ¢ — y = 0 < t = x + y which allows us to simplify

k P T
= (=D e ] Z 2 (_kx I; _py) (Fff;)
x=—ky==p o (11.13)

T
7 kpr
— (_1)k+[)+ +t <F [; >

Kay

proving the Lemma.

Definition 11.7 We introduce the symmetric and antisymmetric parts of the 3-index coupled tensor moment ma-

trices as
1 T
kpr _ kpr kpr
-, = 3 " + <F . )
symm. Kay Kay

(11.14)
| T
kart — 5 (FkI;r _ <Fk1;r> )
asymm. Kay Kay
Remark 11.7.1 Notice that one finds immediately
T
kpr kpr
)
symm. symm.
T (11.15)
kpr r
()
asymm. asymm.
Definition 11.8 We introduce the [K]ays [CJomplex 3-index coupled tensor moment matrix as
kpr kpr skpr
e = +ir, (11.16)

KayC symm. asymm.
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Remark 11.8.1 Notice that we can trivially rewrite this as

k k -y-kpr
o= i
KayC symm. asymm.

1 N\ 1 !
— 2 Fk[[)r + <Fk1;r> + i Fk[;r _ <Fk1;r>
2 Kay Kay 2 Kay Kay

. . T (11.17)
_ 1 +1Fk1tar + 1-1 <Fk1;r>
2 Kay 2 Kay
— 1+ irkztar + 1 - i(_1)k+p+r+t (szt)r>
2 Kay 2 Kay
whereas we used Lemma 11.6 in the last step.
Lemma 11.9 The matrix ['*? " is hermitian.
KayC
Proof 11.9 One computes straight forwardly
i i
<r"P; ) = <r"1’§ +il*”" ) =T (11.18)
KayC symm asymm KayC
whereas we used that T*”,  are real-valued
(a)symm
Definition 11.10 We introduce the Kays 3-index coupled tensor moments as
W = Tr [rkP; : p] (11.19)

Kay KayC

Corollary 11.11 Kays 3-index coupled tensor moments are real-valued.

Proof 11.11 We prove that the resulting tensor-moments are equal to their complex conjugate
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(o) =l
Kay KayC
= YT (@) - pGa iy
i,j KayC
= YT (i) pli. )
i,j KayC
=) o, )T (1) (11.20)
ij KayC
=Tr [kap ! ]
KayC
=Tr [ka ! p]
KayC

k
:wfr

Kay

whereas in the last step we used the cyclicity of the trace.

Hypothesis 11.12 We can expand

r

kpr kpr
', = ¢l (11.21)
Tesseral t=—r KayC

Remark 11.12.1 Is it really true, that the coefficients will have no dependence on kpr???
Corollary 11.13 The coefficients c, , in Equation (11.21) are given as

t!
KayC  Tesseral

¢y =Tr <rkP; e ) (11.22)

Proof 11.13 We insert the expansion from Equation (11.21) in Equation (11.22) and use the orthogonality relations

for the T'*” " matrices to obtain
KayC

Tr (F"",’ ', > = Y ¢pTr (r"’;,’, ' >= Cou (11.23)

KayC  Tesseral t'=—r KayC KayC
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12. Sangeeta’s Guide for Wannierizations in
ELK

In order to create maximally localized Wannier-functions, it can be helpful to follow the following steps:

1. Compute the projected density of states (PDOS; i.e. task 10) for each species and orbital to get the orbital-
character of the bands in the energy-range of interest.

2. Based on the PDOS, one chooses projections for the wannierization (i.e. 1 =0, 1, 2 states, whichever become
relevant.)

3. Determine the energy-ranges of all the bands (i.e. task 20) that are relevant for the Wannierization;
Notes:
e We therefore set the values for the input-flag "idxw90";

e [t is reasonable to start at the first band above the core-states that includes the angular-momentum-
character of interest.

e The upper bound can be set more or less arbitrarily, as it can be adjusted later on in the wannier90
input-file by setting the disentanglement windows.

e It is a good rule of thumb to include all those bands in the upper window, that contain the desired
angular momentum character, even if they are not relevant for the Wannierization, as this allows for a
better disentanglement and thus more localized Wannier-functions.

4. Now we run task 550 and get a wannier90 input-file.

5. In the wannier90 input file, we adjust the disentanglement windows in such a way, that we include all the
bands with the desired angular momentum character in the upper window, but only those bands that are
relevant for the Wannierization in the frozen window.

Remark: The final step, i.e. the choosing of the frozen window, contains (unfortunately) a little bit of "trial and
error”, as it can happen that there are too many or too few states in the frozen window, which causes an error. From
a regular band-structure calculation one usually does not find the *exact* band-ranges, as we are only computing
the band-structure along a path, and not in the entire Brillouin-zone.

12.1. MnTe  Crystal with Spacegroup Im3m Manganese Telluride

The crystal structure is given as

avec
1.000000000 0.0000000000 0.000000000
-0.500000000 0.8660254038 0.000000000
0.000000000 0.0000000000 1.619030000

scale
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7.8427

atoms
2

'Mn.in'
2
0.0
0.0

'Te.in'
2

0.33333333333 0.66666666667
0.66666666667 0.33333333333

: nspecies
: spfname
: natoms; atposl, bfcmt below

0.0 0.0 -0.1 0.0
0.5 0.0 0.1 0.0
: spfname
: natoms; atposl, bfcmt below
0.25 0.0 0.0 0.0
0.75 0.0 0.0 0.0

120 4

100 A

80+

60

40

204

PDOS Plot for Species 1

i —— s-projection

—— p-projection
d-projection

—— fprojection

——== Primary E_F = 0.000 eV

A A AN e,

)

T T T T T T T T T T T T T T T T T T T T
—27.21 -24.35 -21.49 -18.63 -15.77 -12.90 -10.04 -7.18 -4.32 -146 140 4.27 7.13 999 12.85 15.71 18.57 21.43 2430 27.16

Energy (eV)

Figure 12.1.: Projected Density of States for Mn.
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70+

60

50

40 A

30+

204

10 4

PDOS Plot for Species 2
T

J\/\/\/\"‘,w/\
I/‘.‘M A &@

—— s-projection

—— p-projection
d-projection

—— fprojection

=== Primary E_F = 0.000 eV

T T T T T T T T T T T T T T T T T T T T
—27.21 -24.35 -21.49 -18.63 -15.77 -12.90 -10.04 -7.18 -4.32 -1.46 140 4.27 7.13 999 12.85 15.71 18.57 21.43 2430 27.16

Energy (eV)

Figure 12.2.: Projected Density of States for Te.
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Band Energy Ranges (Single Beam per Band)

— = Fermi Energy = 0.0000 eV
5.0 | HEE Band 1 D
B Band 2 D D
HE Band 3
Il Band 4
5.5 HEE Band 5
g0 bl
E]E]E]E]EID[:
0.0 == o e ]
3 72.5 _ H H D
=
£
>
o ea®8
g 5.0+ l|. .|.|.I.
w
il
_?5 -
—10.0 1
I I =29
—12.5 4

T T T T T T T T T T T T T T T T T T T T T T T T T T T T T T T T T T T T T T T T T T T T
36 37 38 39 40 41 42 43 44 45 46 47 48 49 50 51 52 53 54 55 56 57 58 59 60 61 62 63 64 65 66 67 68 69 70 71 72 73 74 75 76 77 78 79
Band Number

Figure 12.3.: Band-ranges and Band-indices for MnTe.

Now we wannierize the system with the following setting in the elk.in-file

I calculate the projectors for each spin, 1 and atom
projw90
.true.

I 1list of species and angular momenta

lprojw90
1 2 : species, 1 values
2 1

| select the band indices for wannierisation to avoid the semicore states
idxw90
41-96

Subsequently we add / replace the following lines in the wannier-input-file

num_iter = 750
dis_num_iter = 1000
dis_win_min = -7.0
dis_win_max = 18.0
dis_froz_min = -6.0
dis_froz max = 0.0
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e

~
-
—
=
<

Figure 12.4.: Bandstructure-Calculation from ELK vs. Wannier90 for MnTe.

Now we enumerate the bands ...
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Elk

W0

[ev]
|

& = EF

Figure 12.5.: Bandstructure-Calculation from ELK vs. Wannier90 for MnTe with Enumeration.

... and for reasons that will become apparent in the future, we look for the Weyl-points between ...

e bands 15-16,
e bands 18-19.
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12.2. TaAs Crystal with Spacegroup Im3m Tantalum Arsenide

PDOS Plot for Species 1

1 —— s-projection
50 : —— p-projection
| d-projection
| —— fprojection
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1
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1
1
1
1
1
|
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i
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1
|
1
1
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Figure 12.6.: Projected Density of States for Ta.
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PDOS Plot for Species 2

— s-projection

16 4 | —— p-projection
d-projection

—— fprojection

——- Primary E_F = 0.000 eV

14 A

12 4

10 q

: T T T T T T T T T T T T
-10.04 =575 -1.46 2.83 713 11.42 15.71 20.00 24.30 28.59 32.88 37.17 41.46
Energy (eV)

Figure 12.7.: Projected Density of States for As.

Band Energy Ranges (Single Beam per Band)

40{ == Fermi Energy = 0.0000 eV
B Band 1

: Hﬂﬂﬂﬂﬂﬂﬂ

Ban
Ban
Band 4
Ban
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201

Energy (eV)
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Band Number

Figure 12.8.: Band-ranges and Band-indices for TaAs.

Now we wannierize the system with the following setting in the elk.in-file
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I calculate the projectors for each spin, 1 and atom

projw90
.true.

I 1list of species and angular momenta

lprojw90
1 2 : species, 1 values
2 1

| select the band indices for wannierisation to avoid the semicore states

idxw90
69-182

Subsequently we add / replace the following lines in the wannier-input-file

num_wann = 32
num_bands = 114
write_hr =

num_iter =

dis_num_iter =
dis_win_min =
dis_win_max =
dis_froz _min =
dis_froz_max =

.true.

750

1000
-8.0
40.0
-8.0
4.0

[eV]

k= &F

Elk
W90

Figure 12.9.: Bandstructure-Calculation from ELK vs. Wannier90 for TaAs.
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12.3. Mn3Sn

Crystal with Spacegroup P63/mniErimanganese Tin

The crystal structure is given as

avec
1.000000000 0.000000000 0.000000000
-0.500000000 0.8660254038 0.000000000
0.000000000 0.000000000 0.799800000
scale
10.705
atoms
2 : nspecies
'Mn.in' : spfname
6 : natoms; atposl, bfcmt below
0.161100000 0.322200000 0.25000000 0.00000000 -1.010000000 0.00000000
-0.322200000 -0.161100000 0.25000000 .866025404 0.50000000 0.00000000
0.161100000 -0.161100000 0.25000000 -.866025404 0.5000000 0.00000000
-0.161100000 -0.322200000 0.75000000 0.00000000 -1.010000000 0.00000000
0.322200000 0.161100000 0.75000000 .866025404 0.5000000 0.00000000
-0.161100000 0.161100000 0.75000000 -.866025404 0.5000000 0.00000000
'Sn.in' : spfname
2 : natoms; atposl, bfcmt below
0.33333333333 0.66666666667 0.75000000 0.00000000 0.000 0.00000000
0.66666666667 0.33333333333 0.25000000 0.00000000 0.000 0.00000000
PDOS Plot for Species 1
70 4 E —— s-projection
: —— p-projection
1 d-projection
E —— fprojection
: === Primary E_F = 0.000 eV
50 4 i
40 i
30 A i
20 i
10 4 i
i A M p A

A

N

E

T T T T T
—-27.2 =215 -158 -10.0 —43

14

7.1 12.8 18.6

T
243

T
30.0 35.7 41.5

Energy (eV)

47.2

T T T T T
52.9 58.6 64.4 70.1 75.8 81.5

Figure 12.10.: Projected Density of States for Mn.
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PDOS Plot for Species 2

T
: —— s-projection
! —— p-projection
35 4 H
: d-projection
: —— fprojection
] === Primary E_F = 0.000 eV
1
1
|
30 H
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1
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1
1
254 1
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1
1
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i
1
204 1
1
|
1
1
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1
1
154 :
i
1
1
1
1
i
10 H
1
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1
|
1
i
1 |
3 1
i
i =1
1
NM%M
09 1
1
1

T T T T T T T T T T T T T T T T T T T T
-13.61 -12.18 -10.75 -9.32 -7.89 -6.46 -5.03 -3.60 -2.17 -0.74 0.69 2.12 3.55 4.98 6.40 7.83 9.26 10.69 12.12 13.55
Energy (eV)

Figure 12.11.: Projected Density of States for Sn.

Band Energy Ranges (Single Beam per Band)
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Band Number

Figure 12.12.: Band-ranges and Band-indices for Mn3Sn.

Now we wannierize the system with the following setting in the elk.in-file
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! calculate the projectors for each spin, 1 and atom

projw90
.true.

I 1list of species and angular momenta

lprojw90
1 02
2 1

: species, 1 values

| select the band indices for wannierisation to avoid the semicore states

idxw90
81-225

Subsequently we add / replace the following lines in the wannier-input-file

num_iter
dis_num_iter
dis_win_min
dis_win_max
dis_froz_min
dis_froz_max

10000
20000
-12.0
14.0
-11.0
4.0
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[eV]

Ek — EF

- Ek
-104 - WS90

Figure 12.13.: Bandstructure-Calculation from ELK vs. Wannier90 for Mn3Sn.
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12.4. FeGe

The crystal structure is given as

Crystal with Spacegroup 777

Iron Germanide

avec
8.862815526
0.000000000
0.000000000

atoms
2
'Fe.in'

4
0.13500000
0.36500000
0.63500000
0.86500000

'Ge.in'

4
0.84200000
0.65800000
0.34200000
0.15800000

0.000000000
8.862815526
0.000000000

.13500000
.86500000
.36500000
.63500000

O O O O

.84200000
.15800000
.65800000
.34200000

O O O O

O O O O

O O O O

0.000000000
0.000000000
8.862815526

: nspecies

: spfname

: natoms; atposl,
.13500000 0.00000000
.63500000 0.00000000
.86500000 0.00000000
.36500000 0.00000000

: spfname

: natoms; atposl,
.84200000 0.00000000
.34200000 0.00000000
.15800000 0.00000000
.65800000 0.00000000

bfcmt below

0.00000000 0.00000000
0.00000000 0.00000000
0.00000000 0.00000000
0.00000000 0.00000000
bfcmt below

0.00000000 0.00000000
0.00000000 0.00000000
0.00000000 0.00000000
0.00000000 0.00000000

PDOS Plot for Species 1

10+

0.8 1

0.6 q

0.4 4

0.2 4

0.0 4

q"

—— s-projection

—— p-projection
d-projection

—— fprojection

=== Primary E_F = 0.000 eV

T T T T T
-27.2 =215 -158 -10.0 —43

T
1.4

T T
7.1 12.8

T T T T
18.6 24.3 30.0 35.7
Energy (eV)

T T T T T T T
47.2 52.9 58.6 64.4 70.1 75.8 81.5

Figure 12.14.: Projected Density of States for Fe.
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PDOS Plot for Species 2
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Figure 12.15.: Projected Density of States for Ge.

Band Energy Ranges (Single Beam per Band)
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Figure 12.16.: Band-ranges and Band-indices for FeGe.

Now we wannierize the system with the following setting in the elk.in-file
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! calculate the projectors for each spin, 1 and atom
projw90
.true.

I 1list of species and angular momenta

lprojw90
1 012 : species, 1 values
2 012

| select the band indices for wannierisation to avoid the semicore states
idxw90
73-300

Subsequently we add / replace the following lines in the wannier-input-file

num_iter = 1000
dis_num_iter = 2000
dis_win_min = -16.0
dis_win_max = 80.0
dis_froz_min = -15.8
dis_froz _max = 4.0
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[eV]

&k — €F

a
N
R —
0 ———
—2 B{
—4 - :—%
—6 /
_8 -
L \
_10 -
N
=12 - Elk
W90
W X

Figure 12.17.: Bandstructure-Calculation from ELK vs. Wannier90 for FeGe.
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12.5. WTe2 Crystal with Spacegroup ?7? Tungsten Ditelluride

PDOS Plot for Species 1

T
40 4 H —— s-projection
H —— p-projection
! d-projection
! —— fprojection
35 : ——=- Primary E_F = 0.000 eV
1
1
1
1
1
1
30 - H
!
1
1
i
25 |
1
1
1
1
i
201 i
1
1
1
1
1
1
1
154 1
!
1
1
:
1
10 4
54
o4

T T T T T T T T
-18.6 —10.0 -1.5 71 15.7 24.3 32.9 415
Energy (eV)

Figure 12.18.: Projected Density of States for W.
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PDOS Plot for Species 2

T
: —— s-projection
1 — jecti

25 4 ! p-projection
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Figure 12.19.: Projected Density of States for Te.
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Figure 12.20.: Band-ranges and Band-indices for WTe2.

Now we wannierize the system with the following setting in the elk.in-file
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I calculate the projectors for each spin, 1 and atom

projwo0
.true.

I 1list of species and angular momenta

lprojw90
1 2
2 1

: species, 1 values

| select the band indices for wannierisation to avoid the semicore states

idxw90
185-300

Subsequently we add / replace the following lines in the wannier-input-file

num_iter
dis_num_iter
dis_win_min
dis_win_max
dis_froz_min
dis_froz_max

= 750

= 1000
= -7.5
= 41.5
= -7.0
= 1.5

[eV]

&k — EF

e s erm—— |
64 - Elk
. Woa0

Figure 12.21.: Bandstructure-Calculation from ELK vs. Wannier90 for WTe2.
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13. Appendix for Proofs

Proof 13.1 of Theorem 2.7

We prove the theorem by explicitly constructing the (canonical) isomorphism. The isomorphism is given by the
map
QU)W —URQW)® VW),

defined on simple tensors by
O(W.0)@w)=u®w,0), (0,0 w)=(0,vQw),

and extended linearly.
We now prove that @ is a well-defined linear isomorphism.

e linearity: By construction the map is defind on simple tensors extended linearly to all finite sums of simple
tensors.

e invertibility: We definethemap¥W : (UQ W)V Q W) — (U & V) ® W on simple elements by
Yu® w,0) :=w,0) Qw, Y0,v@ w) :=(0,v) ® w,

and extend linearly to the whole direct sum. Then it follows

(Wod)((u,0) @ w) =¥(u® w,0) = (u,0)  w,

and similarly (‘PodD)((O, V) w) = (0, v) ® w. By linearity this equality extends to all elements of (U &
V)® W, s0 Wo® = id yq))qn - Conversely,

(@) (u @ w,0) =P(,0) @ w) = w,0),

anc.l sirr%ilarly.on the other summand. Thus ®o%¥ = id ;guHawew). Hence @ is bijective with inverse ¥, so
® is a linear isomorphism.

Proof 13.2 of Theorem 2.12

We construct the isomorphism by fixing an enumeration of the allowed wavevectors in the first Brillouin-zone as
{Kk;, Ky, K3, ...} = Q. Then we define the map

¢: L*(Crystal) > @ H, (13.1)
keQ
as
oY) = (O, Uy, » i, Uy, Ci U, -+ ) (13.2)
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with y, ¢, and uy as in Equation (2.7).

Proof 13.3 of Lemma 3.10

The proof is carried out straightforwardly by

® (A )" QY (QY, Q)Y (Q 13.3
P m.my) = (557 ) (@Y, (Y, (@) (13.3)
Eq.G9) ( 4x \'*
@l <2k11) (-1) leQ YA (2)) AN (%)) () (13.4)
Eq. 3.1 m k 1 [ k /
S Ciym@i+ 1) (0 0 0) (—m1 ", m2> (13.5)
Proof 13.4 of Lemma 3.11

We prove this, by using the fact, that the Gaunt-coefficients are real-valued, which can be easily seen by looking
at Equation (3.19) and Definition 3.2 (i.e. using the fact, that the 3-j-symbols are real-valued).

Then we obtain

(D" my) = (=1 (o “”(mz,ml))
1/2 *
= (—1ym™ 2k+1 QY] QY (@Y, (@)
1/2
= (=)™ m3< JdQY @Yy, _, QY Q)

)

+1
Eq. 99) J
B 2k + 1

(k)
=¢ (ml, m3)

QY QY _ (QY,, (Q)

Proof 13.5 of Theorem 3.23

To derive the matching-conditions for the expansion coefficients Aj.’lm(G + p), one needs to ensure the continuity
of the basis functions and their derivatives up to the appropriate order across the muffin-tin boundary.

We start by considering the case M|" = 1 for all / and a. We consider a position-vector within the unit-cell r € UC
and write

r=r,+R, (13.6)

whereas r, denotes the position of the atom « and R, denotes any vector, that connects the position of the atom to
any point on the boundary of the corresponding muffin-tin MT,. Having continuous APW-functions thus requires
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LI SRy
¢k+G(ra + Rtl) = Z A?lm(G + k)u?l(Ra)lem(Ra) = _el(G+k) fee (GHO-Re (137)
1=0,1,..., Imaxo Q
m=—1,...,+1
j=lL.. .M}

i(G+k)-R

Expanding now e « w.r.t. Equation (3.24) gives

dOMR = gr 3 (G + KRV G+ R)Y,,(R,) (13.8)

1=0,1,...,Imaxo

Plugging this into Equation (13.7) gives

a a D B %Y L D 1 i T,
A% (G + K (R)Y,,(R,) = 4n Z i'j,(IG +k|R,)Y, (G + k)Y,m(Ra)ﬁe G+, (13.9)

1=0,1,..., Imaxo [=0,1,...,Imaxo
m=—1,...,+I m=—I,...,+I
Jj=1... M

Comparing now the coefficients of Y,m(ﬁa) for each / and m gives the equation
M .
Y A% (G +Kus(R,) = 4ni'j,(|G + K| R)Y;: (G + K)—e' @0 (13.10)
p= Ve

This equation coincides exactly with Equations (3.32), (3.33) for i = 1 and with the literature'. For higher orders,
one simply takes the radial derivatives on both sides and repeats the derivation.

Proof 13.6 of Theorem 4.6

We begin, by expanding a Bloch-wavefunction w.r.t. the given basis as

nfv(k)
v () = 3 C KW io(r) (13.11)
. = Jjk
Putting this into Equation (4.1) gives
iy (K) i, ()
EpK) ) o M0yapuao(r) = Er, ,(K) ) Coy” ™ 1)(r [Wapw-o) (Wapw-+o [ Wapw+1o)
i=1 ik ij=1 Jjk Jjk ik
)
= Z Ci\[’—»apw+10(k) (Hol[/apw+lo> (l‘)
i=l ik
e ) (13.12)

= Y CTPK)(r | Hy|[Wapw+10)
ik

i=1

ngy(K)
f 1
- Z CY o *(R)(r [Wapw-+10) (Wapw-+1o| Ho [ Wapw-+1o)
ij=1 jk Jjk ik

! ELK-manual, match.f90 description
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now, comparing coefficients w.r.t. yapw+lo yields for each j € {1, ..., n; (k)} the equation
jk
gy (K) ngy (K)

fv—apw+l fv—apw-+l
Z C.; * +O(k)<’l/apwl:-10|Ho|Wale:10> = E;, .(k) Z C. v +0(k)<ll/apvyl;klo|llfam_vljlo>
i=1 J J i=1 J i

= HO (k)CfV—>apW+10 (k) — Efv,. (k)S(k) Cfv—»apw+1o (k)

Proof 13.7 of Theorem 4.17

(13.13)

By expanding wavefunctions w.r.t. local orbitals, combining Equation (4.38) and Remark 4.42 we obtain by a

straight-forward computation

(ab|g|cd) =$ j: v, Dy, (2)g(rp)w (D, (2)
1 2

=) XiGDxs) ), x:(sz)xd@z)j J @@ (0)E(r )@ (1)@, (1)

We now decompose the terms further ...

e For the spin-part we have
DX )x(s) Y () xa(s) = 8, 8,
S1 52

e For the spatial part we obtain, using Equation (4.38)

J J PP} ,)E(r )P (1), (r) = Y F AL (m,, my, m,,m,)
r Jr k=0

with the Slater-integrals F[(k) and the angular integrals AIEk)(ma, my, m,, m,) as defined in the main text.

Proof 13.8 of Corollary 4.18

By straightforward computation, starting with Equation (4.48), we obtain

(13.14)

(13.15)

(13.16)

(13.17)

(13.18)
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AIf(m,, my,m,,m,) (13.19)
4 +k
7[ * *
= 2k + 1 Z J dQlYlma(Ql)qu(Ql)Ylmc(Ql) J sz (Qz)qu(Qz) (Qz) (13.20)
Eq. 3.9) w .
- 2k +1 Z( b J dQ, Yy, Q)Y Q)Y () J dQ,Y;; ()Y, ()Y, (R) (1321)
Eq. 3.14) 4 *
q. 3. V1 By .
= Zk B, Bqany-my (=1’ J 4Q, Y (@)Y, _(Q)Y,, (@) J 4D,V ()Y, ()Y, ()
g—
(13.22)
4r m,—m * %
=51 " 15mb—md,mc—ma(_l) b=Ma JdQlY,ma(Ql)Yk,mu_mc(Ql)Y,mc(Ql) J szYlmb(Qz)Yk,mb—md(Qz)Ylmd(Qz) (13.23)
4 m,—m * %
= 2k _7:-_ 15ma+mh,m£+md(_l) b ¢ J dQl)]lma(gl)Yk,ma—mc(QI)YlmB(Ql) J dQZY]mb(QZ)Yk,mb—md(QZ)Ylmd(QZ) (1324)
Eq. (3.18) _—
! = 6ma+mb,mc+md(_1) ’ dcl(k)(ma’ mc)c[(k)(mb, md) (1325)
Eq. 3.21)
= b ey e, (g m ) (my, my) (13.26)

Proof 13.9 of Theorem 7.4

By inserting one equation and using Equation (7.8) into the other one gets

Pup = (=)™ ZZ[k]( k nﬁ>n,kw§

k=0 x=—k

wom 1 k1 Ik I (13.27)
=22 2 o .<_mb X ma> <—m. X ﬁ) PR

k=0 x=—k m,,m,€{—1,...,+1}

Now we use the identity ‘TBImplemented: Sum-rule in fundamentals

Z Z[k < m, X "i><—in ]; ;%l> = O, m, O, i, (13.28)

k=0 x=—k

such that we obtain

=) by B P, = = proms = Py, (13.29)

SesS,

Proof 13.10 of Theorem 7.6

By inserting one equation into the other one gets
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_ [k 1 _ s p s
— _1\m.—! —1)\5.—s kp
Pac k};[k]n,k< D (_mc . m) %‘,[p]ns,,( D (_SC ’ Sq) w
= Stk (L ) S (22 Y (@),
Ik -m, X m, 5P -5, ¥ S, B y x Jm,.ii, Fm.
k,x py m,m,e{—1,....+1} s.,8,  SeS.
s..5.€{-1/2,+1/2}
(13.30)
Notice now, that the matrix-representation of the tensor-product is given as
(ﬂ’) v (tl’> vk
Y/ v124172 ¥ Y/s12-172 ¥ (13.31)

(t”) vk (t”) v
Y1412 ¥ Y/ -1p2-172 ¥

Thus, we obtain for the matrix-elements of the tensor-product simply the respective matrix element of the indi-
vidual matrices, and we obtain

_ _ [k 1 I k1 s p s s p s
= 1 \M.—m.+s,—5. .
Pac = ; [k][P]( 1) <_mc X ma) <—m, X ﬁi,) <_Sc y —sa> <—S. y ’5:) p”;,::?f'

s.5.€{—1/2,41/2)

(13.32)
Now we want to use the following orthogonality-relation ' TBImplemented in Fundamentals
. i J2 J3 1 2 J3\ _
Z(2J3 + <m1 m, m3> (mi m, m3> - 6m1’m,'6m2’m,2 (133
J3ms
and we use
jl j2 -j3 — (_1)/1+/2+/3 jl j3 j2 (13 34)
m; m, ms m; ms m, '
in order to write down the adapted orthogonality-relation as
. Ju o J3 (4 Iz S _
This yields
Z[k](l k l)(’ k l):émmamﬁ (13.36)
e -m, x m,)] \-m, x m, e Mg e
and

S p N s p s\ _ )
217 (-s y —sa> (—s. y ?) =6..0,,5. (13.37)

119



CHAPTER 13. APPENDIX FOR PROOFS

Combining these two results with the equation above yields the desired result.

Proof 13.11 of Theorem 7.10

Inserting one equation into the other gives

. k
=, Feve (502 Yy

Xy

— k r P k r' D kpr!
— 1 r
- Ekl”' Z (2]", + 1) <—x t _y> <_X t _y> Ek!”', wt/p

xyr't!
— -1 kpr' k r p k r p
= Lipr Z Bipr (2r' + D, Z <—x t —y> <—x v —y)
't xy
Now we will / want to use the orthogonality-relation
. . ./
JvoJ2 Lo
m,m, my 1 2 3

whereas {j, j, j;} 1s equal to one, if the triangle-condition is fulfilled

|j1 _jzl Sjs §j1 +j2

This way we obtain

, p k r p k 1\ _
Qr +1)§<_y o t> (_y o z'>_5w’5m’ 1

whereas the triangle-condition is fulfilled, since |k — p| < r < |k + p|. This yields then

_ -1 kpr! — o ,kpr
=M, Z Wy 0,00,y = W,

r/ t/

Proof 13.12 of Theorem 7.12

The Left Formula: We obtain the first formula by straight forward expansion

kpr _ k— k r p k
ey T (41 )

Xy

T LA LT

=Tr (Fﬁ‘ "p)

with

(13.38)

(13.39)

(13.40)

(13.41)

(13.42)

(13.43)
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(Tp)n.

The Right Formula:

~

—X+p— k
n ,Z(— )" ”<_x
t B (&

_py> Tr (t‘y’ Ru >'ﬁ
_py> (1) <_S.

bl §1

~

We insert the left formula into the right one and obtain

Pup = Z( kpr

kprt

kprt

now we use

as a special case of the orthogonality-relations [TBReferenced and obtain

el ()

= ) ()T S s
> 2,

using now the orthogonality-relations TBReferenced

and

kpr Z kpr Z kpr)
- ab b,

= D Ny Lkpri(= 1y Z( 1ykerr

kpr( l)l my+s—s5 Z( l)k X+p— y<

X m

)

n) (5

X m

k l>:6mrrh5mm~
E by a"ta

‘41 §Z

< <

3

. a1k I\ _
i (G, L )

(13.44)

(13.45)

(13.46)

(13.47)

(13.48)
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(13.49)

N p s N p s _
Z[P] <_Sb y sa> <—S5 y SE) _5sb,5365a,sa~

we obtain
(13.50)

= Pap

Proof 13.13 of Theorem 7.13

Since
w” = Tr (I p) (13.51)

and
(13.52)

() = T (P7) =T [0y (1470) | = T [0 ()

it suffices (although this is not a neccessary condition / implication) to show that
(13.53)

kpr _( 1)1 ( kpr)

Using now Equation (TBReferenced), we obtain

kP" - k—x+p—y r p _1)\5—S. s JZE -1 I—m, [ k ) -1
(F g P Z( D < t —y> =D <—s_ y F) my (= 1) < -m, x m, ik
(13.54)

and
D (T3,
= (1) (T ’ip’)fg m,
* k r p (s p _ I k1 _
k—x+p—y _1)\5—S. 1 I—m, 1
}; —y * 1 \k—x+p—y k r 4 _1\5-5. S 4 S =1/ 1\/-m. ! k ! -1
(=D~ ( ) ny( D <x —t y>( D <—§ -y s_) nSP( D (—ﬁ. —X m, ik
(13.55)
now we note the following simplifications / modifications
[ ]
k r p\_, (s Kk T D
(x _ y> =(-1) “x t -y (13.56)
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<_f§, F S>=(—1)2S+p <f P _S>=<_S P E) (13.57)
. y s, s,y S, s. Yy S,
R R A) B A R

this yields

1\ —wanv [ kK Fr P (s p s\ _ = Ik
— (_1\itk+tr+p 1 _1\k—x+p—y _1)5-s. Lo 1\[-m. 1
= G ) B (L7 2) o2 0 2)men= (2, 5 a)m
(13.59)
Now we use
e —s.+y+5,=0 = 5 =s5-y
e —m +x+m=0 => m=m —x
o x+t—-y=0 = t=x+y
This makes us look at the prefactor
k+r xf 1) =y k+r 1Y\
(_1)t+ ++p,(_1)Y.(_1) (ﬂkpr> — (_1) +r+p (ﬂkpr> (1360)
Now since
<E;;L> = (=1t (13.61)

the Lemma is proven.

Proof 13.14 of Lemma 7.15
Casel:r> 0:

Then we have

kpr t.. kpr kpr kpr *
w,” + (-1 w,” + (w
o= Chws = ( d ) = \/ERe wf”r (13.62)

’ V2 V2

Casel: r=—|t] <O

Then we have

kpr o qNlt+Lker P [ o )
w., + D" w < >
lzkpr — I:D'kpr _ I7] il — I I — \/511’1’1 ka" (1363)

! —ltl l,\/z i\/z |1
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Proof 13.15 of Lemma 7.15

It suffices to consider the case t # 0. We construct the inverse mapping by considering for ¢ = i¢ € C the linear
combination

Nkpr ¢l ,,,kpr ~kpr |t|+1 kpr
+ (—D"w + (-1
~kpr ~kpr __ |’| ( ) =l |l| ( ) =[]

T + e (1 +3) + (=D)L - E)@’j’”) (13.64)

-5
|71 =l \/5 i\/i \/— |7 |71

This reveals: If we want to obtain ...

° wﬁ‘l’ " we choose ¢ = 1 and scale the whole expression with a global prefactor of 1/ \/5

kpr
=

Summarizing this into a single expression yields

e w ™ we choose ¢ = —1 and scale the whole expression with a global prefactor of (1)l / \/5

|71

wkpr _ (SIgn(t))t < ~kpr

r \/5 Wy,

+ isign(t) " ) (13.65)

Proof 13.16 of Lemma 7.20 Using Equations (7.44) and (7.45) we obtain

1 . sts
(sylSDs,) = —=6, _, (1 —i(=1D*)

3 " SpT S,
12 (13.66)
= 353b,—sa (1 + (_1)S+Sb)
2
and
1 5=
(5,185 I5,) = 55%(—1) a (13.67)
and
1 . sts
(s,IS1V1s,) = ——=8, _, (1+i(=D))
1 2 (13.68)
— _3 Gy, (( 1)S+Sb — )
V2
Proof 13.17 of Lemma 7.21
We use Equation (7.44) and Corollary 6.19 to obtain
(Im| L1y = — ((Im| L, |li) — i{Im| L |Ii))
(13.69)

6,51\ 10+ 1) — A1)

S-Sl
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and
Im| LV |Im) = (Im|L_|Im
(im| L) = (Im] L. 1) 1370,
= m,rﬁm
and
~ 1 ~ ) ~
(lmlL(ll)llm) = —% ((lmlellm) +1(lm|Ly|lm))
(13.71)

= L5,,,,%1\/1(1 + 1) — m(m 1)

V2

Proof 13.18 of Theorem 6.9

We seek to compute the electronic particle-number of the system. For this, we choose the one-body operator in
Equation (13.74) to be the identity-operator

End(H)> X =1y (13.72)

This yields for its second quantized version w.r.t. the basis given by the solutions of the second variational problem

nstsv

2= ) clenm = N (13.73)

N=1keQ

Using now Fact 6.5, Equation (6.5), the linearity of the trace and the standard-basis in Notation 5.1 we obtain

Tr; (pN?Q) = (N*Q) =Try, (py)

nstsv

= Z Z F/}(eNk - M) TrH (llP;]vk><lP]t]Vk|>

N=1keQ (13.74)
nstsv 5 .

= F - &rT y |aNk(r)| (1), (1)
N2=1 é ﬂ(eNk M) J'Crystal F e < aij(r)ﬁNk(r) |ﬂNk(r)|2

Proof 13.19 of Theorem 6.12

We compute the matrix-elements of the composition as

! Y
(r, S|pniS, T, s > = (matBSlandaml kaSZ) (r,s;r’,s")

B ) Wy
2 r’,s ﬁNk(r)aij(r,,) ﬁNk(r)ﬂI*\fk(r”) s,s" o

_h a0k, (1) oy (05 () o
2\ \Bu®ay, ) @By ) 7 )
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and now taking the diagonal elements proves the theorem.

Proof 13.20 of Theorem 6.15

We will first prove

(P S | v ) = (matg_S.) (Nk; N'K') = 6, ((CSV*fV(k))* (0, @ Tyysy) - (Csv*fv(k’))T>N’N, (13.75)

The spin-operator, e.g. the component .S, must be computed from it’s matrix-elements of the standard-basis in
Equation (6.25), e.g.

3% sV = ) 'k =
(W o |S.|P o )= (maty S.) (Nk; N'K') = ... (13.76)

now we have to insert resolutions of identity from Equation (5.2) and expand lI’;]vk w.r.t. the first-variational
eigenvectors as in Equation (4.27) to compute the matrix-elements.

- sv ) = sV ! ! sV
(W S s ) %JK‘I’M'XNX'SJX ¥ )

_ 3..13,./ v _ ! v
= Z J drd’r'(P w |r. 5)8(r —1') (az)s’s/ (r',s'|¥ s )

s,s’

= Z J' d3r(‘1’]§]vk|1', s) (GZ)S,s’ (r, S’llP]VS/Vk/>

= % %k %

Now we expand according to Equation (4.27)

nstfv X nstfv "
@al=Y ¥ (Ciim) @ni=Y ¥ (cyhm) @nle® (13.77)
mel 7 (1) mkr Tl €T mk
Thus
nstfv " nstfv "
_ sv—fv _ sv—fv —
(ylrs) =3 Y (Cvim®) (Foirs) =3 Y (Cyih®) (Prir)nls) = ...
m=1 re{t,]} m=1 r€{1,|}
nstfv N nstfv N
= D (enihm) wims, = Y (Chi®) v
m=1 7€(1.}) mk o mk

Analogously we have

nstfv

(r,s'|¥ s ) = Z CN,’m,s/(k’)wmfIL (r)

m'=1
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And therefore we obtain

nstfv

xoKk = Z Z N, ms(k) CN”m’S’(k,) J' dBrw;l’((r)W f/\ll(,(r)
s,s" mm'=1 m m

nstfv

=3 Y Cun® (02), s O KB B

s,s" mm'=1

nstfv

= Z Z C:/ms(k) (O-Z)s,s/ CN,ms’(k)(sk,k’

s,s' m=1

= (C*K) - (0, ® Tpys) - CT(K)) v, B
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Proof 13.21 of Theorem 8.2

We continue with Equation (8.3) and compute

r wkty—p [ K m-tts—s (L ko
Z wfp N yprisLkprl(=1) khy=p <_x : _py> Z(—]) pltsy <—m cm > <_i 5 Ss> (Mo
b a b

kprt ab a
X,y

Tr [pﬂ]
(13.78)

now we use

[ 0 s 0 =
— — my—I+s,—s -1 -1
(Dpg = 64y m 05,5, = (=1 +5p (—ma 0 m,,) <—Sa 0 Sb> nny, (13.79)

which leads us to consider the sums and use Equation (3.4) in the first step, relabel m, +— —m, and use Equation
(3.4) in the second step, use Equation (3.5) in the third step and Equation (3.6) in the last step

I koI [ T N I KN/ I 0
[k]mzm (—mb x ma> <—ma 0 mb>_[k]( D mzm -my, m, x)\-m, m, O
o I k\( 1 I 0
= (=D7Ik] mzm (mb m, x)\-m, —m, 0
NI (1380
_ k
= (=D7IA] mzn:l <mb m, x> <+mb +m, O)

= (=1)*6, 06, 0{1, 1.k}
= (_1)k5k,05x,0

we use Equation (3.4) twice in the first step, and another time in the second step, Equation (3.5) in the third step
and Equation (3.6) in the last step

s p S s 0 s\ _ s g2 s s p s s O
LD]Z(—sb y sa> <—sa 0 sb>_( D> (=1 LD]Z(—S,, S, y) <—sa S 0)

SpSy SpSq
s s p s s 0
Sy (2 20
Z =Sy Sa V) \Sy S, 0 (13.81)
1y s s p s s 0
=(-1) [p]%(_sb ; y) (_Sb ; 0)

= (=1)"6,06,,{s, 5, p}

inserting this above yields

r x—k+y— k r n,.
= Z w" N kprisF1(=1)¥ P (—X —pJ’> (=1Y76,.08.,.08,.08,015 Mg

kprt
Xy

- 0O r O\ _; _
= Z w?() NOOrlS[r] <O " 0) nsolnl()l
rt

000 1 —1
= Wy Nooois"yg My

(13.82)
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Finally we simplify the expression with Equation (7.33)

Noooishig Ny = RogoMioMsolg Mg = (13.83)
noting now that Equation (7.23) gives
oo = 1 (13.84)
we obtain the final result
Tr p = w)® (13.85)

Proof 13.22 of Theorem 8.3

We continue with Equation (8.3), use Equation (7.47) and compute

(). kpr 1 \x—k+y- k r p 1 \mp—lts,—s !
T [pS0] = 3wl Ny fepri=1) ”(_x t _y) T (_mb

kprt
x,y

r —kdy— k r o lass i
Z wf" Nigrislkpri(=1) o <—x t _py> Z(_l) i <—
m,

=
3 —
Q
N————
/N
[}
< T
NS
"
—
2
N
i
Q

-5,

=
3 —
iSY
N————
/N
1)
<
NS
N~

kprt ab —Sp (1386)
X,y
5=s, s 1 s
X 8 (=10 5(s + D25 + 1) <—sb . sa>
whereas we used Theorem 7.22 in the second step. Now we use
I 0 I
— 1\ -1
Spym, = (=™ <—ma 0 mb> ng (13.87)

now we consider the sums and use Equation (3.4) twice in the first step, relabel s, — —s, and use Equation (3.6)
in third step

s p s sls__451 s s p s s 1
[p]2<_sb Y Sa) (‘Sb q Sa>_( b DD]Z(‘% Sa y> <—Sb Sa q)

SpsSa Sp>Sa

" (13.88)
= (-1y*5,,6,,
and we obtain, using various identities from Lemma 3.3 and Theorem 3.4
Ik 1 [0 1Y\ _ k [ k [ I 0
k] Z <—mb X ma> (—ma 0 mb> = (D71 2 <—mb m, x) <—mb m, 0>
my,m, my,m,
I 1k I 1 0
— (1)
= (=D'k1 )] <mb m x) <mb m, o) (13.89)
my,mg

= (=16, 06,011, 1,k}
= (-1 )k5k,05x,o
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SO we obtain

x 1

. by k r _
s T Z w:(p Nkprls[r](_l) ke (_ _py> (_1)k+p+l5]{’05&051]’16%4 \/S(S + 1)(2S + l)nlol

kprt
X,y

= Z w?“NO]r,S[r](—1)‘1_1 <8 : —1q> \/S(S + D(@2s + l)nl'o1

now r = 1 and therefore t € {—1,0,+1} and we obtain

/(0 1 1
Z w'' Ny lr = 11(=1D*! <0 t —q
t

4(0 1 1 -
_ WO“Noms[” = 1](=1)*" <O . —q) \/s(s + 1)(2s + l)l’llol

q

Now we simplify the factors further... We obtain ...
e With Equation (7.3) we obtain [r = 1] =3

e With Equation (7.33) we obtain N, Nyl

=M

<01 1>_<1 0 1>
0 g —¢q —q 0 +q

e With Lemma 3.3 we obtain

plugging this into the equation above yields

---=\/S(S+1)(ZS+1)QOHn51-3-(—1)1“1<1 0 1>n1_01n10w0“=...

-q 0 +¢q

Now we note that ...

e With Equation (7.7) we have n; = 1/ \/5

I 0 1
1- -1 _
(=D q(_q 0 +q>nm—1

2

V2!.3!

e With Lemma 7.18 we have

e With Equation (7.6) we have n, =

e With Equation (7.23) we have

putting this into the result above yields

> Vs(s + D(2s + D!

(13.90)

(13.91)

(13.92)

(13.93)

(13.94)

(13.95)
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- %%.2.<_¢>.%.3.1. 2
V3 V223 (13.96)

which proves the theorem.
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Proof 13.23 of Theorem 8.4

We continue with Equation (8.3), use Equation (7.47) and compute

~
b

~
<

Tr [pLE]l)] = Z wfprNkprls[kpr](_])X_k+y_p <_k

X
kprt

4 1 \mp—lts,—s ! s p S < (1)>
5T (ko) (G5 2) B0,
X,y

kpr X—k+y— k p my—l+s,—s l k l S p s
Susmers (L )T (4 DG D e

kprt ab

X,y
X 8, (=1 VIU+ 1)(21 + 1)( Lol )
¢ —m, a

q m

~

<
S

whereas we used Theorem 7.22 in the second step. Now we use Lemma 7.18
_ gs [ S 0 s\
6,5, = (=1) <_Sa 0 Sb) ny, (13.98)

and we compute the sums with Equation (3.4) in the first step and Equation (3.5) in the second step and Equation
(3.6) in the last step

s p S s 0 s\ _ s 25 s s p\(s s O
[p]z<_sb ) Sﬂ) (_Sa 0 Sb>—( DZ*P(+1) [MZ(_Sb s y> (Sb s, 0)

a
SprSa SprSa

+ N 0
= (=1 D) Y <_ssb ; i) <—Ss,, N 0> (13.99)

a a
SpsSy

- (_1)p5p’05y’0

and likewise (after relabelling m, — —m,)

Ik DN T 1 I\ oo 11 k\[(1 I 1
93 (o 5o) o m) =0 % (o 3) G )

my,m, my,m,
(13.100)
= (="', 16, {11k}
= (_1)k+15k,15x,q
inserting this above yields
" kv k r _
L= Z W, N oy [FI(= 1) P(_x . _py> (=1 4718, 16,.,6,00,0VIU + D2 + D)
kprtxy
. af 1 r O _ (13.101)
= Zw,m N o [F1(=1)47! <_q t 0) VIA+ DI+ Dn
rt

now the selection rule in Equation (3.2) gives that only # = g contributes and we obtain
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- _ 1 r O _
.= Z wéo N o [r1(=1)47! <_q . O> \/1(1 + D2l + 1)ns01 (13.102)

now we have r € {1} from Definition 7.9 and the triangle-condition in Equation (3.3) gives |1 —r| <0 < |1 + 7|
s.t. r = 1 can contribute such that we obtain the final result

o= w Ny = 1= <_1 (11 8) VIU + D@L+ D!

q q (13.103)
now we simplify the final result by using ...
e Equation (7.3)as[r=1]=3
e Equation (7.33) as Ny, = n,, 1 1y
e [Lemma 7.18 Equation (7.43) as
(1 0 1Y\ _
(=D (_q 0 q) ny =1 (13.104)
e Equation (7.6) as n;, = %
e Equation (7.23) as
1.21.0! "
Mgy =1 V : iv = ol iu on =1 % (13.105)
. e oo " .. 3
Plugging this into the equation above yields
1 01
— 1- ~1,_+1 101
o= VI + D@L+ Daygnyy -3+ (=D (_q 0 q) nonyw!
=/ b 2 101
=\VII+DQ2I+1)- ny-3-1- w, (13.106)
V3 2.2.3

VIA+ DL+ 1) - (=1) - njw)

Now we use Equation (7.6) to obtain

» __@pt-ant 21 3 21 N !
T RISt @+ + D) N ”“_\/(21+2)(21+1)_\/(1+1)(21+1) (13.107)

plugging this into the Equation above yields
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3 . 21 i 101
L=+ DRI+ \/(21+2)(21+1) =Duw, (13.108)

— _lw101
q

Proof 13.24 of Theorem 8.5

We start from Equation (8.3)

TrpL-S)]=...

r X—k+y— k my—l+s,—s l k [
- wap Ny, Lkprl(=1y=077 <—x : _py) Z(—l) b= <_ > < ’ i ssa> L-S),,

m X m —S
kprt ab b a b
X,y

(13.109)
Now as
L-S=LS +LS +L.S, = Zl(—1)qL<_1;S;“ (13.110)
—
we can use Equation (7.49) and obtain
. y—l-+s,— ey Ik s p S k r p
—kzwkkaprzs[kpr](—l) ’+ Z(—l) "+y"<_mb X mg) <—Sb y Sﬂ) (_x ) _y> L+ S),,
prt X,y
a,b
" X—K+y— my—Il+s,— k ) N p s
R L DR B [ )
Xy
1 l s 1 s
I+ 1)l + 1 D2s + (=1 (=1)"" 1)?
X VI + 1)@+ D/s(s + D(2s + 1)(=1)"(=1) Z,l( )( m, —q m) <_sb ‘ Sﬂ) (13.111)
r X— —_ k r p
=\/l(l+1)(2l+1)\/s(s+1)(2s+1);”wf“’ N pris[r1(=1) k+yp<_x ; _y> (=17
X9
I 1 p S s 1 s
% (o o) (o )2 0000
Now we use the odd-permutation symmetry in Equation (3.4) to rewrite
/ 1 ) k+1 ) k ) / 1
[k]Z( ><_mb —q ma) - [k]Z( m, m, x> (‘mb m, _‘1>
T Mty 13.112
_( 1)k+15k1 {l l k} ( )

— (_1)k+15k’15x’_q

and we obtain also
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s p s s L s\ _ sl s s p s s 1
[p]Z‘,(_Sb gt Sﬂ) (_Sb . S)—( 1yt [p]Z(_Sb ;) y) <_Sb N q)

Sg:Sp

=6,16,,(=1)""'{s,s,p}
= 6,8, (—1)*!

(13.113)

inserting these equations above yields

= VIU+ D@+ DVs(s + D@s + 1) Y wf? Ny, [r)(=1) 7 ( _kx ; _py> (D=8, 18, (8,18, (1"
i
(13.114)
now we use the Kronecker-deltas to terminate the summations over k, p, x, y and obtain
= VI+ DR DV + D25 + 1) Y w! Ny [rl(=1) 707! (; ; _1q> (=DU=D* (=™
rtq
= VIU+ DRI+ DV/s(s + DQ2s+ 1) Z w!"" Ny, lr] <(11 : _]q> (=17 (13.115)

rtq

Now due to the sum-rule we have that only those terms with g + ¢ — ¢ = 0 < t = 0 contribute, i.e. we obtain

= AIH DR+ DVs(s+ D@s + 1) Y w0y "Ny, [r] <61] 6 _1q> (-1)

. 13.116
VIC+ D@+ DVs(s +D@s+ 1) D) wp Ny lrl Y (; 6 _1q> (1) ( )
re{0,1,2} g=-1

now since we can use the odd-permutation-symmetry we obtain
+1 +1 +1
1 r 1 I r 1\ ¢ 1 r 1
—1)? = (=1 = (-1y —1) 13.117
q;(q 0 _q>( ) = (=1) q;(_q 0 q> ( >q;<q 0 _q>( ) ( )

thus only 7 = 0 and r = 2 contribute. Computing the sum, we see’ that only the » = 0 term contributes, which
yields

+1
o= VIT+ D+ DV s(s + D@s + Doy Ny lr = 01 Y <(1] 8 _1q> (-1)
g=—1

+1 (13.118)
VIA + DL+ Dy/s(s + D2s + 1N, [r = 0] Z <[11 8 _1q> (=17}

q=-1

’ See Python-script, Code-Folder, ELK-related, Topic 12.
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Now we simplify the prefactor

+1
VI + DL+ DVs(s + 125 + DNyylr =01 ) <; 8 _1q> (—1)¢
qg=—1

+1
= VIT+ D@+ DV/s(s + D@+ DNy [r =01 Y (1 0 _1q> D (=D ) (=)t

g=-1 9 0
=%
(13.119)
Now we will use ...
e [LLemma 7.18 + Equation (3.4) to find
+1
1 0 1 q 1
q; <q 0 _q) =7 (=) nyl =3 (13.120)
e Equation (7.33) to find
Nijois = n10Mn s (13.121)
e Equation (7.3) to find [r = 0] = 1,
e Equation (7.6) to find n,, = 2!//2!3! = %
e Equation (7.7)to find n,; = 1/4/2 -3,
. _ ]
e Equation (13.107) to find n,; = 4 /—(1+1)(21+1)
e Equation (7.23) to find n ,, = —1 0!.2:-2! ) 0”.(2)3.2” _ _%
this yields
*=1- 122 _1 .L.g,.(_l).L
2 2 \/5 V2.3 \/g (13.122)
=1/-s
inserting this above yields
w=lsew)? (13.123)
and incorporating the dependencies again as
wy' = w''y (13.124)
Nkal

and summarizing the results we obtain the desired result
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nstsv r oo
@8 =N, T 3 Fews =0 X X T, (5, 15)
M - " (13.125)
= N,,Z Z Fylenk — 1) 2 Zl csw''
keQ N=1 a=1 [=0 NKkal
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